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*Bell, Eric Temple. The Magic of Numbers. Whittlesey 
House, McGraw-Hill Book Company, New York and 
London, 1946. viii+418 pp. $3.50. 

In this book two divergences of opinion which keep scien- 
tists divided in our days are traced back to their alleged 
origin in Greek thought. (1) Is mathematics to be regarded 
as a free human creation or as an exploration of a reality 
existing somehow outside us? (2) Is it really impossible to 
obtain a reliable knowledge of the physical world without 
observation and experiment or are we to believe Eddington’s 
contention ‘that all the laws of nature that are classed as 
fundamental can be foreseen wholly from epistemological 
considerations”? The investigation leads back to Pythagoras 
and the development of his views in the philosophy of Plato. 
The opinions of both philosophers are elucidated and dis- 
cussed ; moreover their lives and adventures are related at 
length. The later history of their ideas, especially of the 
numerology or number mysticism which originated in the 
dictum of Pythagoras, “everything is number,”’ is briefly 
surveyed; special attention is given to Roger Bacon, 
Cusanus, Bruno and Galileo. With Berkeley, Saccheri and 
Lobachevsky the scene shifts to the 18th and early 19th 
centuries; here Kant’s attempts to settle the status of 
mathematical truth are given full credit. The historical 
preparation thus obtained enables the author to throw an 
unexpected light on the scientific philosophy of what are 
called the modern Pythagoraeans, whose views are inter- 
preted as consequences of certain basic Greek ideas. 

E: J. Dijksterhuis (Oisterwijk). 


Corazao, Alberto. The evolution of mathematical thought. 
Univ. Nac. Cuzco. Revista 34, 3-21 (1945). (Spanish) 


*Makemson, Maud Worcester. The Maya correlation 
problem. Publ. Vassar College Observatory, no. 5. 
Poughkeepsie, N. Y., 1946. viii+79+-v pp. 


* Nallino, Carlo Alfonso. Raccolta di Scritti Editi e Inediti. 
Vol. V. Astrologia, Astronomia, Geografia. Istituto per 
L’Oriente, Rome, 1944. iii+558 pp. 600 lire. 

Nallino and Schiaparelli edited in 1899/1907 the “Opus 
Astronomicum” of Al-Battani [Pubblicazioni del Reale 
Osservatorio di Brera in Milano, no. 40], which is the corner- 
stone of our present knowledge of Arabic mathematical 
astronomy. This volume of Nallino’s collected works con- 
tains minor publications on Arabic astronomy. Of special 
interest is his “Storia dell’astronomia presso gli Arabi nel 
Medio Béo” [pp. 88-329] which is available for the first 
time in a European language [the original lectures were 
given and published in Arabic, Cairo, 1909/1910]. The 
treatment is mostly biographical and bibliographical. 

O. Neugebauer (Providence, R. I.). 


Tibiletti, C. Sul problema di Appollonio: la soluzione di 
Pappo. Period. Mat. (4) 24, 100-111 (1946). 





Hofmann, Jos. E. Neues iiber Fermats zahlentheoretische 
Herausforderungen von 1657 (mit zwei bisher unbekann- 
ten Originalstiicken Fermats). Abh. Preuss. Akad. Wiss. 
Math.-Nat. KI. 1943, no. 9, 52 pp. (1 plate) (1944). 

Die Abhandlung enthalt erstens eine eingehende Unter- 
suchung iiber die Methoden, mit denen der franzésische 
Mathematiker Frenicle de Bessy in seiner Schrift Solutio 
Duorum Problematum [1657] die zahlentheoretischen Pro- 
bleme lést, die Fermat der mathematischen Welt vorgelegt 
hatte. Diese Probleme beziehen sich (a) auf Teilersummen, 
(b) auf die Gleichung ax*+1=y*, die fiir ganze positive 
Nichtquadratzahlen a ganzzahlig gelést werden soll. Frenicle 
lést alle Aufgaben dank seiner virtuosen Rechentechnik 
und fiigt den Fermatschen Herausforderungen neue Pro- 
bleme hinzu. Er kiimmert sich aber nicht um die Frage 
nach der allgemeinen Lésbarkeit der Gleichung. Es gelingt 
dem Verfasser die von ihm angewandten Methoden wieder- 
herzustellen. Zweitens eine Ubersicht iiber ein neu aufge- 
fundene und hier im franzésischen Urtext abgedruckten 
Originalabhandlung Fermats, die als Supplement zu der 
Solutio Frenicles geschrieben wurde und die uns Fermat auf 
der vollen Héhe seiner Kraft zeigt. Fermat fiihrt hier den 
Beweis des Satzes, dass die Teilersumme der dritten Potenz 
einer Primzahl x nur dann eine Quadratzahl sein kann, 
wenn x=7. Der Beweis stiitzt sich auf den Hilfssatz, dass 
jede Primzahl 8 +1 in der Form 2x*— y* geschrieben werden 
kann. Drittens die Publikation einer ebenfalls neuentdeckten 
Schrift Fermats, Animadversio in Geometriam Cartesii, die 
kritische Ausfiihrungen zu der Géométrie von Descartes 
enthalt. E. J. Dijksterhuis (Oisterwijk). 


Hofmann, Jos. E. Studien zur Zahlentheorie Fermats. 
(Uber die Gleichung x*=py*+1.) Abh. Preuss. Akad. 
Wiss. Math.-Nat. KI]. 1944, no. 7, 19 pp. (1944). 

Die Abhandlung verfolgt den Zweck, die von Fermat nur 
versteckt angedeutete Methode zu finden, die er zur Be- 
handlung der Gleichung x*= py’+1 (in der p eine positive 
ganze Nichtquadratzahl ist) angewandt haben kann. Durch 
Benutzung einiger Hinweise, die Fermat gelegentlich macht, 
gelingt es dem Verfasser ein Reduktionsverfahren zu ent- 
wicklen, mittels dessen der Beweis fiir die Liésbarkeit der 
Gleichung in ganzen positiven teilerfremden Zahlen gefiihrt 
werden kann. Die Methode beruht auf der Fermatschen 
descente, die als negativ gewendete vollstandige Induktion 
aufzufassen ist. Durch Umkehrung des Verfahrens kann 
auch ein Lésungspaar der Ausgangsgleichung ermittelt 
werden. Die gegebene Rekonstruktion setzt den Verfasser 
in den Stand, den Sinn einiger von Fermat gegebener merk- 
wiirdiger Beispiele zu enthiillen. Das mitgeteilte Verfahren 
ist allen bisher angewandten Methoden zur Auflésung der 
Gleichung iiberlegen. Der Verfasser will seine Abhandlung 
aufgefasst sehen als einen Priifstein fiir den Wert der ge- 
schichtlichen Betrachtungsweise: die Versetzung in die 
historische Situation macht es méglich, einer alten Sache 
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neue Seiten abzugewinnen und die Auflésungsmethoden der 
Fermatschen Gleichung wesentlich zu bereichern. 
E. J. Dijksterhuis (Oisterwijk). 


*Lambert, Johann Heinrich. Iohannis Henrici Lamberti 
Opera Mathematica. Volumen Primum. Commenta- 
tiones Arithmeticae, Algebraicae et Analyticae, Pars 
Prima. Edidit Andreas Speiser. Orell Fiissli, Zurich, 
1946. xxxi+358 pp. (1 plate). 25 Swiss francs. 

This is the first volume of two, which are planned to 
include Lambert’s publications on analysis, algebra and the 
theory of numbers. The present volume contains 16 papers 
of Lambert, the “éloge’”’ by J. H. S. Formay, published in 
1780, and a detailed summary of the contents of each paper 
by A. Speiser. O. Neugebauer (Providence, R. I.). 


Masotti, Arnaldo. Scritti inediti di Paolo Frisi. II. 
Giudizio del Frisi sul trattato meccanico-geometrico di 
Giambattista Suardi. Ist. Lombardo Sci. Lett. Cl. Sci. 
Mat. Nat. Rend. (3) 7(76), 301-315 (1943). 
Reproduction and discussion of a letter written by Frisi 

in 1753. 


Viola, Tullio. Il contributo di Keplero alla teoria delle 
coniche. Period. Mat. (4) 24, 68-83 (1946). 


Viola, T. Per la storia del teorema di Desargues sui 
triangoli omologici. Atti Accad. Naz. Lincei. Rend. Ci. 
Sci. Fis. Mat. Nat. (8) 1, 570-575 (1946). 





Gabba, Luigi. I precursori di Copernico. Ist. Lombardo 
Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 8(77), 321-327 
(1 plate) (1944). 


Davenport, H. Obituary: W. E. H. Berwick. J. London 
Math. Soc. 21, 74-80 (1946). 


Levi, B. Obituary: Federigo Enriques. 
119-123 (1946). (Spanish) 


Math. Notae 6, 


Chaundy, T. W. Obituary: A. E. Jolliffe. J. London 
Math. Soc. 21, 157-160 (1946). 


Gallego-Diaz, J. Gottfried Wilhelm Leibniz (1646-1716). 
Gaz. Mat., Lisboa 7, no. 30, 3-4 (1946). (Spanish) 


Lindemann, Hans A. Leibniz and modern logic. An. Soc. 
Ci. Argentina 142, 164-176 (1946). (Spanish) 


Mangeron, DumitrulIon. Gottfried Wilhelm Leibniz (1646— 
1716) (on the occasion of the tercentary of his birth). 
I. Mathematical works. Revista Stiintifica “V. Ada- 
machi” 32, 83-90 (1946). (Romanian) 


Planck, Max. In memoriam: Gottfried Wilhelm Leibniz 
zur 300. Wiederkehr seines Geburtstags (1. Juli 1646). 
Z. Naturforschung 1, 298-300 (1946). 


Dijksterhuis, E. J. Simon Stevin. Simon Stevin 25, 1-21 
(1 plate) (1947). (Dutch) 


FOUNDATIONS 


Ridder, J. Ueber den Aussagen- und den engeren Pridi- 
katenkalkiil. I. Nederl. Akad. Wetensch., Proc. 49, 
1153-1164 = Indagationes Math. 8, 701-712 (1946). 
After remarking that with the addition of two axioms the 

propositional calculus of Whitehead and Russell becomes 

equivalent to a Boolean algebra in a field of countably 
infinitely many elements, the author proceeds to develop 
two axiom sets for this algebra and to prove the salient 
theorems of each. The first takes as primitive variables 
designating propositions, symbols for disjunction and nega- 
tion, two propositional constants ‘X’ and ‘y’ (in effect, names 
of some false and some true proposition, respectively), and 
an assertion-sign. Four of the six axioms, plus inferential 
rules of substitution and detachment, are taken from Hilbert 
and Ackermann [Grundztige der theoretischen Logik, 2d 
ed., Springer, Berlin, 1938, chap. 1]. The two additional 
axioms, which give the calculus its algebraic character, are 
to the effect that \ implies any proposition and that any 

proposition implies v. 

In the second version of the calculus, an inclusion-symbol 
supplants the primitive assertion-sign of the first and a more 
complex set of axioms and rules of inference is adopted. 
The author also asserts that the restricted predicate calcu- 
lus can be similarly extended to form a Boolean algebra. 

G. D. W. Berry (Princeton, N. J.). 


Barcan, Ruth C. The deduction theorem in a functional 
calculus of first order based on strict implication. J. 
Symbolic Logic 11, 115-118 (1946). 

In this paper the author considers two functional calculi 

of first order based on strict implication. She proves a 





restricted form of the deduction theorem for the stronger 
of these two calculi and shows that such a proof is impossible 
in the case of the weaker. The weaker calculus S2 was 
constructed by the author [same J. 11, 1-16 (1946) ; these 
Rev. 8, 125 ] by adding universal quantifiers and appropriate 
axioms to a system initially devised by C. I. Lewis [Lewis 
and Langford, “Symbolic Logic,” The Century Co., New 
York and London, 1932, pp. 122-178]. The stronger calcu- 
lus S4 is formed from S2 by adding to it Becker’s axiom 
guaranteeing that the possibility of the possibility of any 
proposition A strictly implies A’s possibility [Lewis and 
Langford, op. cit., p. 501]. 

The restricted form of the deduction theorem proved for 
S4 is to this effect: if B is provable on the hypotheses 
A,, -:-, A, and if it can be proved that, for each A;(1Si=n), 
A; is strictly equivalent to the necessity of some proposition, 
then that A, strictly implies B is provable on the hypotheses 
Ai, «++, Ant G. D. W. Berry (Princeton, N. J.). 


Heyting, A. On weakened quantification. J. Symbolic 

Logic 11, 119-121 (1946). 

The author considers all formulas of the predicate calcu- 
lus formed by prefixing a quantifier and negation symbols 
to a formula A(x). He gives a complete account of the 
implication relations among these formulas in the intuition- 
istic predicate calculus, using results of Kleene [same J. 10, 
109-124 (1945) ; these Rev. 7, 406] to complete the last gap 
in our information concerning these relations. He shows 
that the following formulas are intuitionistically nonequiva- 
lent and that every formula of the form considered is 
intuitionistically equivalent to one of them: (x)A(x), 
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A7(®)A(x), (2) 17 A(z), (Ex)A(x), (Ex) 11 A(x), 
1 1(Ex)A(x), (Ex) A(x), 1 1(Ex)1A(x), 1(x)A(x), 
(x) 1A (x). D. Nelson (Washington, D. C.). 


Post, Emil L. Note on a conjecture of Skolem. J. Sym- 

bolic Logic 11, 73-74 (1946). 

In a previous paper [Norske Vid. Selsk. Forh. 17, no. 26, 
103—106 (1944) ; these Rev. 8, 4] Skolem raised the question 
as to whether there exists a recursive function f(x, ---, Xs) 
such that the relation y= f(x, ---,x,) is not primitive re- 
cursive. The author shows that such a function f(x) indeed 
exists. He indicates various ways of obtaining such an f(x) 
and discusses their relationships. H. B. Curry. 


Quine, W. V. Concatenation as a basis for arithmetic. 

J. Symbolic Logic 11, 105-114 (1946). 

Models of elementary arithmetic are constructed in for- 
malisms where the expressions are unbracketed rows of 
symbols drawn from an alphabet of length two or more; 
formal descriptions of these models are given in elementary 
logical terms, i.e., using only truth functions, identity, vari- 
ables whose values are rows of symbols, and a predicate ‘“~’ 
(concatenation) denoting juxtaposition [see Tarski, Studia 
Philos. 1, 261-405 (1935) ; Hermes, “‘Semiotik,’’ Forschungen 
zur Logik und zur Grundlegung der exakten Wissenschaften 
(N. F.) 5 (1938); Quine, “Mathematical Logic,” Norton, 
New York, 1940, chap. 7; these: Rev. 2, 65]. The formal 
descriptions are based on a 3-variable predicate w(x, y), 
which is elementary in the above sense, and is such that, 
given any finite relation xWy between iows of symbols, a 
row w can be found such that (x)(y)-xWy=w/(x, y). Hence 
w(x, y) can represent xWy. Two models are constructed, 
model (a) corresponding to denoting a number n by a row 
of m 1’s, and model (6) to a modified scale-of-k notation, 
where k is the length of the alphabet. In model (6) there is 
(1, 1)-correspondence between the natural numbers and the 
set of all rows of symbols. In both cases elementary logical 
predicates of x, y, 2 are given which hold if, and only if, 
z=x+y, =x Xy, =x", respectively, in the model. 

M. H. A. Newman (Manchester). 


Lalan, Victor. Définition de deux structures d’anneau dans 
un algébre de Boole. C. R. Acad. Sci. Paris 223, 1086- 
1087 (1946). 

The logical equivalence p=q of two propositions is con- 
sidered to be an operation p+q producing the new propo- 
sition: p and g are logically equivalent. Under the opera- 
tions p+q and pvq the set of propositions becomes a 
Boolean ring. The same result may be obtained using the 
operations p=q’ and p Aq, corresponding to Stone’s defini- 
tion of a Boolean ring by means of symmetric differences. 

O. Ore (New Haven, Conn.). 


Moisil, Gr. C. Recherches sur les logiques non-chrysip- 
piennes. Ann. Sci. Univ. Jassy. Sect. I. 26, 431-466 
(1940). 

Postulates are developed for the simply ordered sets of 
three and four elements, in terms of lattice operations, 
lattice endomorphisms and dualization ; these postulates are 
correlated with 3-valued and 4-valued logic. It is shown 
that every finite system satisfying the given postulates is 
isomorphic with a direct product of simply ordered sets of 
three or fewer elements or of four or fewer elements, respec- 
tively. In 3-valued logic (as defined), the free algebra with 





one generator has twelve elements and is described in detail. 
The possible degenerate cases (homomorphic images) are 
enumerated. G. Birkhoff (Cambridge, Mass.). 


Moisil, Gr. C. Notes sur les logiques non-chrysippiennes. 
Ann. Sci. Univ. Jassy. Sect. I. 27, 86-98 (1941). 
Following the ideas of the article reviewed above, a fac- 

torization theorem for infinite 3-valued logics is obtained. 

Postulates for n-valued logics are developed, but no com- 

parison with Post algebras, which would seem to be analo- 

gous, is given [cf. P. C. Rosenbloom, Amer. J. Math. 64, 

167—188 (1942) ]. G. Birkhoff (Cambridge, Mass.). 


Schréter, Karl. Was ist eine mathematische Theorie? 

Jber. Deutsch. Math. Verein. 53, 69-82 (1943). 

This paper gives a somewhat popular exposition of the 
idea of a semantical or interpreted system [cf. A. Tarski, 
Studia Philos. 1, 261-405 (1936); also R. Carnap, “Intro- 
duction to Semantics,” Harvard University Press, 1942; 
these Rev. 4, 209]. Schréter’s concept of a semiotic quad- 
ruplet [“‘semiotic” taken in the sense of Heinrich Scholz, 
not in the broader meaning of Charles Morris | was charac- 
terized in a previous monograph [Forschungen zur Logik 
und zur Grundlegung der exakten Wissenschaften (N.F.) 6 
(1941) ; these Rev. 6, 29]. By a calculus one means a certain 
ordered quadruplet which originates from a semiotic quad- 
ruplet in a certain way. By a mathematical theory or inter- 
preted system A one means an ordered pair (a, a2), where 
@, is a calculus and a, a certain 2-placed relation (the 
Deutungsrelation of A). 

It should be noted that a possible simplification in the 
notion of a semiotic quadruplet which has been pointed out 
by P. Bernays [J. Symbolic Logic 8, 77-79 (1943) ] would 
appear to facilitate Schréter’s theory and to bring it to a 
form somewhat closer to that of Tarski. R. M. Martin. 


Griss, G. F. C. Negationless intuitionistic mathematics. 
Nederl. Akad. Wetensch., Proc. 49, 1127-1133 = Indaga- 
tiones Math. 8, 675-681 (1946). 

Drawing upon elementary geometry and arithmetic, the 
author gives examples of theorems and proofs in forms which 
make use of negation and also in alternative forms which 
avoid its use. It is observed that negation sometimes com- 
plicates proofs needlessly, and that often, in cases in which 
the negative form is more brief, details of construction are 
sacrificed. Without the use of negation, the author outlines 
a method of construction for the natural numbers and dis- 
cusses the relations “‘the same” and “‘different’”’ and order- 
ing relations among the natural numbers. D. Nelson. 


Léwenheim, Leopold. On making indirect proofs direct. 

Scripta Math. 12, 125-139 (1946). 

Simple devices, some of which may be useful in investi- 
gating the intuitionistic validity of propositions. As the 
author remarks, a satisfactory definition of the concept of 
direct proof has not yet been given. A. Heyting. 


Levi, F.W. Relations and operations. Math. Student 13, 
139-148 (1945). 
Presidential address at the Fourteenth Indian Mathe- 
matical Conference. 


Sagastume Berra, Alberto E. On the philosophy of mathe- 
matics. An. Soc. Ci. Argentina 142, 177-192 (1946). 
(Spanish) 
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ALGEBRA 


Thomas, Joseph Miller. Division sequences. Duke Math. 

J. 13, 459-469 (1946). 

The sequences of polynomials generated by the applica- 
tion of the Euclidean or Sturmian algorithms are expressed 
in the form of determinants in the case of polynomials in a 
single indeterminate with coefficients in a domain of integ- 
rity. They are formed from the resultant by recursion 
formulae. The general case, when the degree-differences are 
not assumed to be unity, is treated. O. Todd-Taussky. 


Beaman, Elizabeth. The moduli of the roots of an alge- 
braic equation. Amer. Math. Monthly 53, 506-510 
(1946). 

Given an algebraic equation f(x)=0 of degree n, with 
complex coefficients, the absolute values of the roots, and 
also the squares of the absolute values, satisfy equations 
with real coefficients, of degree m at most. The determina- 
tion of equations of much higher degree than n, which 
contain among their roots the absolute values of the roots 
of f(x)=0 (or the squares of these absolute values) is well 
known; however, the elimination of the factors yielding 
extraneous roots is generally not feasible. The author estab- 
lishes the equations with real coefficients of the second and 
third degrees, respectively, which have as roots the squares 
of the absolute values of the roots of a given equation of the 
second or third degree, with complex coefficients, and indi- 
cates clearly at what point the elimination of the extraneous 
factors encounters difficulties form>3. A.J. Kempner. 


Stgrmer, Carl. Exercise on the fundamental theorem of 
algebra. Norsk Mat. Tidsskr. 24, 33-42 (1942). (Nor- 
wegian) 

The roots of 2°+(3+7)z*—1 are determined and the be- 
havior of the function in their neighborhood is discussed. 
Frantisek Wolf (Berkeley, Calif.). 


Barbanti, Alberto. Su una generalizzazione delle formule 
di Waring. Ist. Veneto Sci. Lett. Arti. Parte II. Cl. Sci. 
Mat. Nat. 102, 133-143 (1943). 

It is well known that s,,, the sum of the mth powers of n 
numbers, can be expressed in a unique manner as a poly- 
nomial in the m elementary symmetric functions o, ---, os. 
In the first part of the paper heuristic methods easily justi- 
fiable by induction arguments are used to derive correct 
expressions for the coefficients of this polynomial when n = 2. 
There follows an erroneous extension to general m in which 
the author obtains, by methods which are unclear to the 
reviewer, the incorrect result that s,, may be represented as 
a polynomial involving terms of the type "2s, only. 

R. A. Rankin (Cambridge, England). 


van der Corput, J. G., and Duparc, H. J.A. Determinants 
and quadratic forms. I, II. Nederl. Akad. Wetensch., 

Proc. 49, 995-1002, 1111-1114=Indagationes Math. 8, 

615-622, 671-674 (1946). 

Denoting by |e,,| the » by m determinant whose element 
in the rth row and sth column is ¢,,, the authors give a 
simpler proof of one theorem of van der Corput and gener- 
alize a second. (I) If 3n—2 numbers aj, x;, yi, Ya, where 
t=1, ---,m—1, can be found such that 


(2) Cr, o+1 =0,(Y¥r—Xs)Ere, 


1SrSn, 1SsSn—-1, 





and if ¢,(y) is a polynomial in y of degree at most m—s, then 


| Creee(¥r) | ~~ | €rs| ¢1(%1) nin Pn(Xn), 
where 


a—l n—2 


| ere | =0y, °** Cnr, de 


lait Oy Il (,—%)- 
lsgecps* 

(II) Let |¢,.; ¢-|x be the determinant obtained by replacing 
the elements in the kth column of the determinant |e,,| by 
1, ***, a, respectively. Let the relations (2) be valid, let 
1=k=n, let ¢,(x) (1=s<k) be a polynomial of degree at 
most k—s—1 and ¢,(x) (k=s=n) a polynomial of degree at 
most n—s. Let f(y) be a function which is analytic with the 
exception of a finite number of points at most and which is 
regular at the points y, ---, ¥.- Then 


| €rePa(Yr) | 5100) 
@y + +> Ge_son(Xe) q(y) 


where S denotes the sum of the residues taken at the singu- 
lar points of f(y) and at infinity, g(y)=(y—) --- (y—Yn) 
and p(y) is the coefficient of 1/x in the Laurent expansion 
of g(x)/(x—y)(x—a1) --- (x—%). 

Theorem (I1) is applied to prove the following lemma. 
A positive definite quadratic form Q(u, ---, %,) with deter- 
minant D is not less than Du,?/A,; for k=1, ---,, where 
A; is the minor of the element in the kth row and kth column 
of D, provided that A,~0. Here D/A; is the best possible 
factor independent of m, ---, %,. This lemma is, in turn, 
applied to determine minima for certain definite quadratic 
forms. B. W. Jones (ithaca, N. Y.). 
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Richardson, A. R. The composition of quadratic forms. 

Duke Math. J. 13, 587-600 (1946). 

Let (a) = (a, - - -, az), (8) = (Gi, - - -, Bx) and (x) = (x1, - - -, 8) 
be indeterminates such that the (x) are bilinear in the (a) 
and (8), with coefficients in a commutative and associative 
ring R, having a modulus 1. A quadratic form f(x), over R, 
is said to permit composition in R if quadratic forms u(8) 
and v(a) exist over R such that f(x) =u(8)o(a). This equa- 
tion is not required to be an identity in 2k independent 
indeterminates (a) and (8), but to hold when (a) and (8) 
satisfy certain relations like those of Clifford, Lipschitz and 
Vahlen [cf. Encycl. Math. Wiss., v. III, 1. Teil, 2. Halfte, 
AB 11, pp. 1410-1416] which define a so-called regular 
complex expression. The relations are independent of the 
form f. For example, k= 4 when n=3, and there is the single 
relation B,a,—Br2a3+8s02.—Bsa, = 0; R=8 when n=4, and 
there are 4 bilinear relations in the (a) and (8) and 1 quad- 
ratic relation in the (a). The author begins with certain 
matrix factorizations, as a product of two commutative 
matrices linear in the (x), of the k-rowed scalar matrix 
diag (f(x)), with k= 2". To each of these there corresponds 
a like factorization of the 2k-rowed matrix diag (f—wu»), 
from which sufficient conditions for f=uv follow. These 
conditions the author derives with the (a), and particularly 
@, in a special r6le. Subsequently, he obtains quadratic 
relations on the (a) and bilinear relations on the (a) and (8), 
which ensure that, in f=uv, u and v are quadratic forms 
and the (x) are bilinear. : 

The author calls the set of all quadratic forms over R, 
which represent 1, the principal phylum and a composition 
in which either x or v is in the principal phylum, a principal 
composition. He proves that a principal composition always 
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exists, and that every n-ary f of determinant D, in the 
principal phylum, arises by duplication, that is, u and v are 
identical forms of determinant D?, p=2*~, in 2*—' indeter- 
minates. He also gives further results, on the interchange 
of f, u, and v, and on arbitrary compositions, and points 
out connections with other methods, that of norm forms and 
that of Clifford algebras, and with composition in the sense 
of identity. [For the case where R is an arbitrary field, 
k=n, see Albert, Ann. of Math. (2) 43, 161-177 (1942); 
these Rev. 3, 261]. In the second part of the paper, the 
author considers the cases n = 3 and 4 in detail. Two of the 
results he obtains are (1) Dickson’s theorem that a universal 
ternary f is a zero form, and (2) the theorem that a neces- 
sary and sufficient condition for a ternary f, of determinant 
D, to be universal is that f represents —D. R. Hull. 





Abstract Algebra 


Kurosh, A. Isomorphisms of direct decompositions. II. 
Bull. Acad. Sci. URSS. Sér. Math. [Izvestia Akad. Nauk 
SSSR] 10, 47-72 (1946). (Russian. English summary) 
In a former paper [same Bull. 7; 185—202 (1943); these 

Rev. 6, 145] the author defined the center of a pair of direct 

decompositions of the unit, 


i= Ya. = > dp, 
@ 6 


of a complete Dedekind structure as the element 


a II(4.+5p), 


where Ga=>_1~00,, 63=Ssuabs. In the case of invariant 
subgroups of a group this center is contained in the center 
of the group. In the case of two-sided ideals of a ring this 
center is contained in the ideal of complete divisors of zero. 

In the present paper the author forms a sequence of 
centers by repeating the same process. If this sequence is 
finite with zero as last term, the pair of decompositions 
possess directly similar refinements. As a consequence of 
this theorem the author proves a generalization of the 
Remak-Schmidt theorem. Other theorems about the exist- 
ence of central isomorphic refinements, generalizing those 
of Krull [Math. Z. 23, 161-196 (1925); Kofinek, Casopis 
Pést. Mat. Fis. 66, 261-286 (1937); 67, 209-210 (1938); 
Golovin, Rec. Math. [Mat. Sbornik] N.S. 6(48), 423-426 
(1939) ; these Rev. 1, 259] are proved and accompanied by 
analogous theorems for the structure of the ideals of a ring. 

H. Freudenthal (Amsterdam). 


Moisil, Gr. C. Recherches sur la théorie des chaines. 

Ann. Sci. Univ. Jassy. Sect. I. 27, 181-240 (1941). 

First a general study is made of the algebra of transitive 
relations on a set. This is followed by a theory of matrices 
with coordinates in a distributive lattice. The latter gener- 
alizes the usual algebra of relations [cf. J. H. M. Wedder- 
burn, Ann. of Math. (2) 35, 185-194 (1934) ]. Transitive 
relations correspond to matrices satisfying A*=A. The 
author notes that infinite matrices with coordinates in a 
complete lattice have a similar theory. In the second part 
of the paper, various deductive schemes are analyzed in 
terms of the preceding concepts; the basic remark is that 
implication among propositions is a transitive relation. 
G. Birkhoff (Cambridge, Mass.). 


MATHEMATICAL REVIEWS 











309 


Frink, Orrin, Jr. Complemented modular lattices and pro- 
jective spaces of infinite dimension. Trans. Amer. Math. 
Soc. 60, 452-467 (1946). 

G. Birkhoff a montré [Lattice Theory, Amer. Math. Soc. 
Colloquium Publ., v. 25, New York, 1940; ces Rev. 1, 325] 
que tout réseau modulaire complémenté de dimension finie 
est la réunion directe de réseaux associés 4 des géométries 
projectives. Dans le cas d’une diménsion quelconque, le 
réseau associé 4 un espace projectif est complet, atomique, 
modulaire et complémenté. Qn peut considérer I’espace 
comme la réunion directe de plans projectifs et d’espaces a 
coordonnées. Un réseau modulaire complémenté de dimen- 
sion quelconque peut étre plongé dans un réseau qui soit 
de plus atomique et complet. Soient P et Q deux idéaux 
duaux maxima. On appelle droite définie par ces deux idéaux 
l’ensemble des ideaux duaux maxima R tels que R>P vu Q. 
Le réseau désiré est le réseau des sous espaces de la géométrie 
projective ainsi définie. Tout réseau modulaire 4 complé- 
ment est donc sous réseau d’une réunion directe de réseaux 
associés 4 des plans projectifs ou 4 des espaces 4 coordonnées. 

J. Kuntzmann (Grenoble). 


Lesieur, Léonce. Anneaux réguliers avec ou sans diviseurs 
de zéro. C.R. Acad. Sci. Paris 224, 321-323 (1947). 
This note is a continuation of an earlier one with the 

same title [same C. R. 223, 1083-1085 (1946); these Rev. 

8, 249]. The author considers the following two properties 

of a right regular ring A: (1) a right divisor of 0 is a left 

divisor of 0, (2) A has-a unit, and every element not a left 
divisor of 0 has a right inverse. A ring with the second 
property is called a “right regular pseudo-field.” The author 
announces that either of these properties is inherited by the 
ring of m by m matrices over A, and if A has the first prop- 
erty, it can be embedded in a ring having the second. 

I. Kaplansky (Chicago, IIl.). 


van der Corput, J. G. On the fundamental theorem of 
algebra. I, II. Nederl. Akad. Wetensch., Proc. 49, 
722-732, 878-886=Indagationes Math. 8, 430-440, 

4 549-557 (1946). 

van der Corput, J. G. On the fundamental theorem of 

algebra. III. Nederl. Akad. Wetensch., Proc. 49, 
_ 985-994=Indagationes Math. 8, 605-614 (1946). 

It is shown that an Archimedean ordered field 2 possesses 
an Archimedean ordered algebraic extension 2 in which 
every polynomial which changes sign has a root, so that 
 (4/(—1)) is algebraically closed. The field 2’ consists 
of pairs (I, C), where I is an interval in @ and C is a 
polynomial which changes sign just once in I’, with suitable 
definitions of identification, addition and multiplication. 
For example, two pairs (If, C) and (A, D) are identified if 
the greatest common divisor of C and D changes sign in 
I'n A. In contrast to the Artin-Schreier method [Abh. Math. 
Sem. Hamburgischen Univ. 5, 85-99 (1926) ], the present 
proof is constructive, and moreover obtains the existence of 
Q’ directly ; on the other hand the laborious details make it 
less elegant. The final section is devoted to an intuitionistic 
proof of the fundamental theorem of algebra. 

I. S. Cohen (Philadelphia, Pa.). 


Almeida Costa, A. On commutative fields. Centro Estu- 
dos Mat. Fac. Ci. Pérto. Publ. no. 17=An. Fac. Ci. 
Pérto 31, 20 pp. (1946). (Portuguese) 

The author presents a detailed study of inseparable exten- 
sions of fields. He bases himself mainly on the classical 

work of Steinitz [J. Reine Angew. Math. 137, 167-308 
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(1910), especially pp. 231—245 ], and results given by Albert 
[Structure of Algebras, Amer. Math. Soc. Colloquium Publ., 
v. 24, New York, 1939, pp. 32—35; these Rev. 1, 99]. We 
quote some representative theorems. (1) The maximal sep- 
arable subfield of L/K is K(L**), where ¢ is the exponent. (2) 
lf Kc Lc M, then the field M/K is purely inseparable if 
and only if M/L and L/K are. (3) If L/K is separable and 
K(a,)/K is purely inseparable, then L(a,)/L is purely insep- 
arable. (4) The extension L/K is simple if and only if there 
are a finite number of fields between K and L. (5) If 
[L:K(L*)]=?’, it takes precisely r elements to generate 
L/K. (A proof of (4) is given in Artin’s “Galois Theory” 
[Notre Dame Math. Lectures, no. 2, Notre Dame, 1942, 
th. 25; these Rev. 4, 66]. Becker and MacLane [ Bull. Amer. 
Math. Soc. 46, 182-186 (1940); these Rev. 1, 198] have 
proved (5). The author seems to have missed these two 
references. | I. Kaplansky (Chicago, IIl.). 


Brauer, Richard. On splitting fields of simple algebras. 

Ann. of Math. (2) 48, 79-90 (1947). 

This paper is a continuation of an earlier one [ J. Reine 
Angew. Math. 168, 44-64 (1932)]. If K is an arbitrary 
separable extension field of degree m over a field F, then K 
may or may not be a splitting field of central simple algebras 
A over F of a given index m dividing n. Thus the theory of 
algebras provides a basis for classification of extension fields 
K of F. To discuss the significance of this classification in 
terms of fields and their Galois groups it is necessary (even 
in the case when K is normal) to study the possibility of 
imbedding K into normal fields with certain types H of 
Galois groups. Following a discussion of the general situa- 
tion, the case of prime n is given in more explicit form. 
Let &2 be any normal field over F which contains K, let G 
be the Galois group of 2 over F and let A be a central 
division algebra over F which is split by K. An extension 
H of a cyclic group L of order / by G (i.e., H/L&G) is 
defined in terms of the factor set of A in Q; this group H is 
said to be associated with the given division algebra A. 
Properties of the group H and its representations are de- 
rived ; conversely, conditions are given on H and @ under 
which there exists a A associated with H. In general H has 
an isomorphic representation as a monomial group with /th 
roots of unity. If m is an odd prime, if F contains the nth 
roots of unity, and if K is an extension field of degree n 
whose Galois group is at least triply transitive, then every 
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.of unity. 





central division algebra A split by K is associated with the 
full monomial group in which the coefficients are nth roots 
R. M. Thrall (Ann Arbor, Mich.). 


Schmid, Hermann Ludwig. Kongruenzzetafunktionen in 
zyklischen Kérpern. Abh. Preuss. Akad. Wiss. Math.- 
Nat. KI. 1941, no. 14, 30 pp. (1942). 

The author considers cyclic extensions Z/K of degree p* 
of a field K of algebraic functions over a finite field of con- 
stants k of characteristic p. If Z’ is an intermediary field 
between K and Z, the zeta function of Z’ divides the zeta 
function of Z, the ratio being the product of the L-functions 
of Z which do not belong to Z’. The L-functions of Z are 
polynomials in g~* (where g is the number of elements of K) 
whose degrees are determined. Next, a special case is con- 
sidered in which K = k(x) is of genus 0 and Z= K(@), where 6 
is a Witt vector of length m such that 6°>—@=(x™, 0, ---, 0), 
m dividing g—1. In this case, various relations are found 
between the coefficients of the L-series. The values of these 
coefficients involve exponential sums of the type 


X exp [2mip-(x pap - + +x), 


where x runs over the elements of the finite field T', with p’ 
elements, or 


> ¥(Nx) exp [2rip-*(xP**+-2""*+- ~~ - +x") }, 


where y is a character of the multiplicative group of T, and 


N the norm from I, to Ir. C. Chevalley. 


Ancochea, Germf4n. On semi-automorphisms of division 

algebras. Ann. of Math. (2) 48, 147-153 (1947). 

In connection with the extension of von Staudt’s theorem 
to a projective geometry over a division ring, the author 
was led in a previous paper [ J. Reine Angew. Math. 184, 
193-198 (1942); these Rev. 5, 72] to the concept of a semi- 
automorphism of a ring: an additive automorphism pre- 
serving squares. In the present paper he proves that a semi- 
automorphism of a simple algebra of characteristic not 2 
is either an automorphism or an anti-automorphism ; in the 
previous paper this was proved for quaternion division 
algebras. A final remark asserts that the result can be 
extended to semi-simple algebras. [This statement seems to 
need amplification, for a semi-automorphism might be an 
automorphism of one simple component and an anti-auto- 
morphism of another. } I. Kaplansky (Chicago, IIl.). 


THEORY OF GROUPS 


Piccard, Sophie. Sur les bases du groupe symétrique et 
du groupe alternant. Ann. Soc. Polon. Math. 18, 25-46 
(1945). 

Continuing her research into the conditions under which 
two substitutions S, T generate the symmetric (alternating) 
group, the author proves the following general theorem. 
For n=9,a necessary and sufficient condition that two con- 
nected substitutions S, T= (abcde) should generate S, (U,) 
is that they should be primitive. The substitutions S, T are 
said to be connected if no set of m<mn symbols is trans- 
formed into itself-by both S and 7; furthermore, S and T 
are primitive if the group generated by them is primitive in 
the accepted sense. G. de B. Robinson (Toronto, Ont.). 
Aitken, A.C. On compound permutation matrices. Proc. 

Edinburgh Math. Soc. (2) 7, 196-203 (1946). 

The author first considers the problem of determining 
what irreducible representations of the symmetric group of 





order m! are latent in the +1 compounds of the permuta- 
tion matrices of order n. By the operations row;+row:2+ - -- 
+row,, col, —col;, cols—col;, - - -, col, —col; applied to these 
permutation matrices the leading element in each matrix is 
semi-isolated. The last »—1 rows and columns of these re- 
duced matrices give the irreducible [m—1, 1] representation 
of the group. Since the characteristic polynomials of the 
permutation matrices corresponding to the cycle types 
[1"], (2, 1"-*], ---, [#] are, respectively, 

(1—x)", (1—2*)(1—x)"*, 


the characteristic polynomials of the matrices of the irre- 
ducible [»—1, 1] representation are 


(1) (1—x)"4, (1—22)(1—x) >, «++, Datta. 


Since the trace of the kth compound of a matrix A is the 
kth elementary symmetric function of the characteristic 
numbers of A, the matrix M of characters of these com- 


+++, 1—x", 
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pounds is the matrix of m rows and P(n) columns (P(m) is 
the number of partitions of m) whose elements in the kth 
row are the coefficients of (—x)* in the polynomials (1). 
Let G be the matrix of group characters corresponding 
to the unicursal partitions of n, i.e. to the partitions [7], 
[n—1, 1], [n—2, 1°], ---, [2, 1>*], [1*]. By an argument, 
the validity of which escapes the reviewer, the author shows 
that M=G. It then follows that, had the compounds of the 
original permutation matrices been used, the matrix corre- 
sponding to M would have been such that the first differ- 
ences of its rows would give G. Accordingly the compounds 
of the permutation matrices are reducible, respectively, to 
the following simple direct sums of irreducible represen- 
tations: [nm], [n]+[n—1,1], [n—1, 1]+[n—2, 17], 

[2, 1-*]+[1*]. 


In the second part the author establishes the theorem 
(B+C)® =BY+BE- x CO4+ BE x C@4..-4+C, 


where B® is the kth compound of B, + denotes direct sum 
and X direct product, as an identity for the kth compound of 


B . 
(2) a=(' A 


where B and C are rectangular. He points out that this 
theorem is the analogue of Vandermonde’s identity 


(m+n), = my + my _m, + Mya + see +m, 


where m,=m!/(m—k)‘k! and that similarly, analogous to 
the Vandermondian multinomial expansion, there is an ex- 
pansion of the kth compound of 
a 
(3) re ies antennae © 
H 


where B, C, ---, H are rectangular matrices. He concludes 
by obtaining similar expansions for the kth induced matrices 
of A in (2) and (3). J. Williamson (Flushing, N. Y.). 


Zappa, Guido. Miglioramento della diseguaglianza tra il 
rango e il tipo di un gruppo finito. Rend. Sem. Mat. 
Univ. Padova 13, 36-40 (1942). 

The following concepts have been introduced by M. 
Cipolla [Rend. Acad. Sci. Napoli (3) 15, 44-54, 113-124 
(1909) ; 17, 226-232 (1911)]. A proper subgroup G of a 
group H of finite order is a fundamental subgroup if G 
consists of all the elements of H which commute with a 
fixed element A of H, that is, if G is the centraliser of A. 
A fundamental subgroup is of genus 1 if it does not contain 
any other fundamental subgroup. It is of genus 2 if all 
fundamental subgroups contained properly in it are of 
genus 1, etc. The maximal genus of fundamental subgroups 
of H is the rank r of H. If H is non-Abelian and contains g 
fundamental subgroups, then g=3. The number r=q—2 is 
the type of H. Inequalities between the type 7 and the 
rank r of H have been given by Cipolla in the papers men- 
tioned, by G. Scorza [Atti Accad. Naz. Lincei. Rend. Cl. Sci. 
Fis. Mat. Nat. (6) 6, 361-365, 441-445 (1927); 7, 173-178 
(1928) ] and by the author [Atti Accad. Italia. Rend. Cl. 
Sci. Fis. Mat. Nat. (7) 2, 574-585 (1941); these Rev. 8, 
131]. The author shows that r+222"+'—1, which (except 
for small r) improves these older results. 

R. Brauer (Toronto, Ont.). 
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Tchernikoff, S. Complete groups possessing ascending 
central series. Rec. Math. [Mat. Sbornik] N.S. 18(60), 
397-422 (1946). (Russian. English summary) 

A group is called complete if for every positive integer n 
every element can be represented as a product of mth powers. 
For commutative groups this reduces to the condition that 
every element is an mth power for any nm. In this paper the 
author investigates complete groups that possess ascending 
central series, i.e. a well-ordered ascending chain of invariant 
subgroups 3o=1¢ 3,¢ ---c3,.¢--- ¢3,=G that leads to 
@ and that has the property that 3.4:/3,. is contained in 
the center of G/3.. It is proved that a group possessing an 
ascending central series is complete if and only if it has no 
subgroups of finite index. If every element of such a group 
has finite order then it is Abelian. More generally the ele- 
ments of finite order form a complete subgroup of the center. 
However, this subgroup may not be a direct factor. A com- 
plete group with ascending central series possesses a principal 
radical series, i.e., a well-ordered ascending chain of invari- 
ant subgroups leading to @ such that the factor groups 
Nauii/Ma are isomorphic to either the additive group of 
rational numbers or to a primary group of type p*. In a 
complete group with ascending central series every element 
is an mth power for any m. This does not hold for all com- 
plete groups. N. Jacobson (Baltimore, Md.). 


Vandiver, H. S. On a p-adic representation of rings and 
Abelian groups. Ann. of Math. (2) 48, 22-28 (1947). 
Let S be a commutative semi-group, written additively, 

admitting as operator domain a semi-ring R, i.e., a system 

R which forms a semi-group under addition and a semi- 

group under multiplication, and in which the right and left 

distributive laws hold. A set of elements w; of S is said to 
constitute a basis of S over R if each element of S can be 
written as a finite sum }-a,; with a; in R, uniquely in the 
sense that from })-aw:=)-bw; we can conclude that 
aw;=bw,; for each «. This concept of basis includes as 
special cases the usual one of basis of a commutative group 
and the notion of unique factorization in a ring or semi- 
group. The author proves the basis theorem for a commu- 

tative group S having a finite number of generators over a 

principal ideal ring R, formulating it as follows. Let (P) 

be a prime ideal in R and let a@ be an integer such that 

P=14,40 (mod P*) for some A, in S. Then there exists a 

finite set of elements Aj, «++, Ass, ***, Aea-2, ***, Aw of S 

such that all the elements of S which are incongruent 

modulo P* are given uniquely in the form ($=) >-*tixeP*As, 
where each x4 ranges independently over a complete system 
of residues of R modulo (P). This is referred to as a P-adic 
representation of S. It is possible to modify the choice of 
elements A; so that P¢‘A,=0 (mod P*) if 0<d=a—1 and 
¢a<kZe€.-a-1, in which case S is represented as the direct 

sum of cyclic groups. These theorems are then applied to a 

procedure for obtaining an explicit polynomial representa- 

tion of any finite commutative ring. A. H. Clifford. 


Mackey, George W. A remark on locally compact Abelian 
groups. Bull. Amer. Math. Soc. 52, 940-944 (1946). 
The author determines the structure of all locally com- 

pact groups G algebraically isomorphic to vector-spaces 

over the additive group Q of rational numbers; every such 
group is found to be isomorphic to an (essentially unique) 
product of factors of the following types: (a) a discrete 
group of the above-indicated algebraic structure; (b) the 
dual of a group of type (a), i.e., a product (finite or not) of 
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factors isomorphic to the dual of Q (a well-known solenoid) ; 
(c) a vector-space of finite dimension over real numbers; 
(d) the limit of a direct system of groups G,, all isomorphic 
to each other and to a product (finite or not) of factors, each 
isomorphic to the group of p-adic integers for some prime p, 
the defining homomorphisms being x—-n-x from G,, into 
Gan (m,n, any integers). Part of the author’s analysis is 
virtually included in more general results of Braconnier and 
Dieudonné [C. R. Acad. Sci. Paris 218, 577-579 (1944); 
these Rev. 7, 114], where the ideas of “local product” and 
of “p-primary group” are applied to the analysis of the 
structure of locally compact groups which are totally dis- 
continuous and have a totally discontinuous dual group, 
leading among other results to the definition of the above 


type (d). A. Weil (Sao Paulo). 


Vilenkin, N. On direct decompositions of topological 
groups. II. Rec. Math. [Mat. Sbornik] N.S. 19(61), 
311-340 (1946). (Russian. English summary) 

The author generalizes his earlier definition of “‘a direct 
sum of groups G, with distinguished subgroups H,”’ [see 
part I, same vol., 85-154 (1946); these Rev. 8, 132] and 
extends to a wider class of groups than those considered in 
part I the study of necessary and sufficient conditions for 
decomposability into direct sums of groups of rank one. 
This more extensive class is defined as follows. An Abelian 
topological group G is called coseparable if (1) there exists 
a complete system of neighborhoods of zero consisting of 
subgroups of G, (2) every bicompact subgroup of G satisfies 
an ascending chain condition on its closed subgroups, 
(3) G is the set-theoretic sum of a countable number of 
bicompact subgroups Gi, G2, ---, (4) an arbitrary set T is 
open in G if TG, is open in G, for every n. A group is 
called weakly separable if it contains a subgroup H such 
that the factor group G’ =G/H is coseparable and H itself 
is separable in the sense of Krull [J. Reine Angew. Math. 
184, 19-48 (1942); these Rev. 5, 228]. If, moreover, G’ is 
discrete, then G is called locally separable. 

Concerning the general character of these groups, it is 
shown that a separable and coseparable group is the direct 
sum of a finite number of groups of rank one, and con- 
versely. Another theorem shows that a coseparable, locally 
separable group is locally compact. A concluding section is 
devoted to an analysis of weakly separable rings. Here the 
author generalizes a theorem of Jacobson [Amer. J. Math. 
58, 433-449 (1936) }. L. Zippin (Brooklyn, N. Y.). 


Samelson, Hans. A note on Lie groups. Bull. Amer. 

Math. Soc. 52, 870-873 (1946). 

Soient G un groupe de Lie connexe, G son recouvrement 
universel (qui est un groupe simplement connexe), y le 
groupe fondamental de G. On sait que, si G est compact et 
semi-simple, y est fini, donc G compact. L’auteur donne 
deux démonstrations directes de ce résultat. Dans l'une, 





on observe qu’en vertu de l’isomorphisme entre y et le 
premier groupe d’homologie de G (conséquence du fait que 
y est dans le centre de G, donc abélien), et d’aprés les 
théorémes de de Rham, il suffit de démontrer la non- 
existence sur G d’une forme de degré 1, fermée et non homo- 
logue 4 0; or on sait (d’aprés Cartan) que, d’une telle forme 
w, on déduirait, par intégration, une forme wo, invariante a 
gauche et a droite, fermée et homologue a w; alors le groupe 
adjoint laisserait invariante (dans la variété linéaire tan- 
gente 4 G en e) la variété w)=0, donc aussi (puisqu’il est 
compact, donc complétement réductible) une droite ; le sous- 
groupe de G a un paramétre, tangent en ¢ a cette droite, 
serait donc dans le centre de G, et G ne serait pas semi- 
simple. L’autre démonstration utilise l’existence d’une 
métrique riemannienne, invariante 4 gauche et a droite sur 
G, et les propriétés des géodésiques de cette métrique; on 
fait voir que, si G n’était pas compact, il y aurait sur G une 
géodésique, passant par @ (donc, en vertu de résultats 
connus, un sous-groupe 4 un paramétre de G), réalisant le 
minimum absolu de la distance entre deux quelconques de 
ces points, puis qu'une telle géodésique est nécessairement 
dans le centre de G; G, et par suite G, ne seraient donc pas 
semi-simples. A. Weil (Sao Paulo). 


Malcev, A. Corrections to the paper “On the theory of the 
Lie groups in the large.” Rec. Math. [Mat. Sbornik ] 
N.S. 19(61), 523-524 (1946). (Russian and English) 
The paper appeared in the same Rec. (N.S.) 16(58), 163— 

190 (1945). The author corrects the errors noted in these 

Rev. 7, 115. 


Kuntzmann, J. Opérations multiformes qui s’obtiennent 
a partir d’opérations uniformes. C. R. Acad. Sci. Paris 
224, 177-179 (1947). 

Let U be a semigroup and let A, B, --- be subsets of U. 
By definition AB>C if and only if there exists aeA, beB 
such that abeC. If each element of U is in at least one 
subset, the author calls this a “‘symorphism.”’ If the subsets 
are disjoint it is of type NNN, otherwise of type CCC. The 
system thus generated is not in general associative in the 
sense usually expected from multi-valued multiplication, 
but does satisfy a generalization of the single-valued asso- 
ciative law. This is, if AB>X, CD>Z then there exists 
a YeBC such that the set products (XC)n(AY) and 
(BZ) n (YC) are not void. A hypergroup is exhibited which 
does not satisfy this law. Consequently it cannot be de- 
rived by partitioning a semigroup. This example was first 
studied by Wall [Amer. J. Math. 59, 77-98 (1937)], who 
demonstrated a similar fact for a much less general type of 
partition. The author next shows that the symorphisms of 
type CCC are in fact less general than those of type NNN. 
He ends by pointing out that the problem of when a multi- 
valued system can be represented by a symorphism of a 
semigroup is still unsolved. H. Campaigne. 


NUMBER THEORY 


Mordell, L. J. Thoughts on number theory. J. London 
Math. Soc. 21, 58-74 (1946). 
Presidential address to the London Mathematical Society. 


Gloden, A. Factorization of numbers of the form x‘+1. 
Euclides, Madrid 5, 620-621 (1945). (Spanish) 
This note contains a table giving the complete factoriza- 
tions of 132 numbers of the form x*+1 for 1008=x31500. 





This is an extension of a table of Cunningham [Binomial 
Factorisations, vol. 1, London, 1923, pp. 113-119] for 
*x31000. The present table is based on a previous table of 
the solutions of the congruence x*+1=0 (mod p) [Mathe- 
matica, Timisoara 21, 45-65 (1945) ; these Rev. 7, 145]. 
D. H. Lehmer (Berkeley, Calif.). 


Pipping, Nils. Eine Regel der Teilbarkeit durch 7 und 
durch 13. Acta Acad. Aboensis 15, no. 7, 4 pp. (1946). 
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Jarden (Juzuk), Dov. Two theorems on Fibonacci’s 
sequence. Amer. Math. Monthly 53, 425-427 (1946). 
The author proves the following two properties of Fibo- 

nacci’s numbers u, (defined by m= u42.=1, tny2=Unyi ttn). 

(1) The number 4,,, is divisible by u,,u, if and only if the 

greatest common divisor of m and n is 1, 2 or 5. (2) Let 

a=a(p) be the smallest integer for which u, is divisible by 

the prime p. Then (p—(5/p))/a(p) (which is an integer) 

is an unbounded function of p ((5/p) is Legendre’s symbol). 
F. A. Behrend (Melbourne). 


Storchi, Edoardo. Un teorema che caratterizza i numeri 

perfetti pari. Period. Mat. (4) 21, 239-244 (1941). 

The author points out by means of Wilson’s theorem that 
Euler’s theorem to the effect that every even perfect num- 
ber is of Euclid’s type may be restated in the following 
form. Let m be an even number and let f(x) be defined by 


f(x) =(1-3-5- +++ -k)*—1, (2k+5)?=1+8x; 


then in order that m is a perfect number it is necessary and 
sufficient that f() is divisible by n. D. H. Lehmer. 


Vandiver, H. S. Cyclotomy and trinomial equations in a 
finite field. Proc. Nat. Acad. Sci. U. S. A. 32, 317-319 
(1946). 

Let p be an odd prime belonging to the exponent ¢ (mod /) 
and such that p‘=1-+-<, where / is an odd prime that does 
not divide c. Write 0={8, where ¢ is a primitive /th root of 
unity and @ is a primitive cth root of unity. Let g be a 
primitive root of the finite field of order p* and denote by 
(v, r) the number of distinct solutions g*, g’ of 1+-g°t** =g"*"’, 
a being in the set 0, 1, - - -,—1 and yin the set 0, 1, ---,c—1. 
Construct the cyclotomic function wa..(@) =>: <i, 7)p*t* 
with a40(mod/), 540 (modc), i ranging over the set 
0,1, ---,c—1 and j over the set 0,1, ---,/—1. It is then 
shown that this cyclotomic function has the property 
V,0(0)~a.(0-") = p*. This constitutes a relation between the 
solution numbers (i,j) and the author plans to use these 
relations in a later paper where he will derive relations be- 
tween the numbers (f, 4), where (f, 4) stands for the number 
of solutions g’, g” of 1-4-g/+*4 = g*t+we, 

H. W. Brinkmann (Swarthmore, Pa.). 


Vandiver, H.S. On some special trinomial equations in a 
finite field. Proc. Nat. Acad. Sci. U. S. A. 32, 320-326 
(1946). 

Let a, b be elements in a finite field F(p") of order p*. 
In another paper the author has obtained results concerning 
the solutions of the equations (1) au*+bv/+w*=0 and 
au*+bv’+1=0, where u, v, w are elements of F(p") and 
abuvw~0 [same Proc. 31, 170-175 (1945) ; these Rev. 6, 
256]. In the case n=1 he obtained explicit expressions for 
the number of solutions of these equations. A method de- 
vised in another paper [same Proc. 32, 47—52 (1946) ; these 
Rev. 7, 365] for a more general equation leads to a method 
of solution but does not in general give information about 
the number of solutions. In this paper the author treats 
certain special cases. Thus he easily shows that in case 
ef=p"—1, (e, f)=1, p#2, the equation (1) above, with 
g=f, has e solutions, unless (—})*=1 in the field in which 
case the number of solutions is e—1. The author also ob- 
tains an explicit result for the case of the field F(p'~'), 
pb being a primitive root of the prime / and p'~' =1+/c, with 
¢ not divisible by /. If g is a primitive root of this field, he 
obtains an expression for the number of solutions in g’, g', g” 
of the equation g**+g*=g", where d=cl/(p—1); this ex- 





pression is in the form of a congruence involving binomial 
coefficients. H. W. Brinkmann (Swarthmore, Pa.). 


Vandiver, H. S. Fermat’s last theorem. Its history and 
the nature of the known results concerning it. Amer. 
Math. Monthly 53, 555-578 (1946). 

Fermat's “last theorem”’ still awaits a proof or disproof. 
The author first discusses early proofs for the special expo- 
nents 4, 3, 5, 7 and criteria obtained by elementary methods, 
indicating proofs. To prove Fermat’s statement it is suffi- 
cient to demonstrate the impossibility of (1) x'+y'=z', 
l prime, />2. Although the condition that (1) is satisfied 
may be expressed in the form that there exists a rational r for 
which (1+1')'/' is rational, all known methods begin by as- 
suming that (1) is satisfied in integers and then investigate 
their properties. From (1) follows (x+-y)(x+fy) - - -(x+¢""y) 
= —z', { a primitive /th root of unity. The author gives an 
introduction to algebraic number fields, rings, ideals and 
principal ideals; he considers in some detail the cyclotomic 
field and shows how Kummer obtained his set of congru- 
ences, known as the Kummer criteria. He discusses the 
results derived from them. The author then considers cri- 
teria governing both the cases when x, y, z are prime to /, 
and x, y or z divisible by J. He indicates a proof of the cele- 
brated theorem of Kummer: if / is a “regular’’ prime (that 
is, a prime not divisible into one of the first (J—3)/2 Ber- 
noulli numbers) then (1) is impossible. Then he describes 
theorems of his own for irregular primes. At the end of the 
paper there is a bibliography of 74 articles. 

N. G. W. H. Beeger (Amsterdam). 


Fell, J. Elementare Beweise des grossen Fermatschen 
Satzes fiir einige besondere Fille. Deutsche Math. 7, 
184-186 (1943). 

Elementary proof of the first case of the Fermat theorem 
for exponents 3, 5, 11, 17 and 23. M. Hall, Jr. 


Gentile, Giovanni. Sulla rappresentazione della potenza 
n-esima di un numero primo con le forme x"+-y". Boll. 
Mat. (4) 4, 19-21 (1943). 

It is shown that the Diophantine equation x"+y"= >)", 
where x and y are positive integers, p is a prime and m 
contains at least one odd prime factor, has solutions only 
when p=2, n=1 (mod m), or when p=3, n=2 (mod 3). 
This was proved by Gegenbauer by a similar method in a 
paper which the author states that he has been unable to 
consult [Akad. Wiss. Wien, S.-B. Ila. 97, 271-276 (1888) ]. 
It is also shown that the equation x"—y"=p" possesses no 
solutions for even m> 2. R. A. Rankin. 


*Piz4, Pedro A. Fermagoric Triangles. Polytechnic In- 
stitute of. Puerto Rico, San German, P. R., 1945. viii+ 
155 pp. 

A fermagoric triangle is ene whose sides a, }, c satisfy the 
Fermat equation a*+5"=c". In the first few chapters the 
cases n=3,4,5 are discussed at length; parametric solu- 
tions of the equation are given in a form involving square 
roots only, so that the author is able to give a construction 
of such triangles with ruler and compass, and many numeri- 
cal examples are given. The author then attempts an attack 
on Fermat's theorem by similar methods. He does not claim 
to give a proof but his method seems, in the opinion of the 
reviewer, to be doomed to failure. Even for the cases 
n = 3, 4, 5 the formulas given are of no visible use in proving 
Fermat's theorem in those cases. 
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The last two chapters deal with the curves that are the 
loci of the vertex of a fermagoric triangle whose “‘hypot- 
enuse”’ ¢ is fixed, m being any constant (not necessarily an 
integer). It is conjectured that these curves are certain 
plane sections of the surface (the “fermatoid’’) obtained by 
revolving a certain segment of a circle about its bounding 
chord. This conjecture is incorrect and the interesting specu- 
lations that the author bases on it are therefore useless also. 
The reader has to be warned that the book is full of con- 
jectures (like the one just mentioned) and it is not always 
clear just what is being guessed and what is being proved. 
H. W. Brinkmann (Swarthmore, Pa.). 


Piz4, P. A. Elliptic fermagoric triangles. Amer. Math. 

Monthly 53, 317-323 (1946). [MF 16723] 

L’auteur renvoie, en note, 4 son ouvrage, analysé ci-dessus, 
dont l'article constitue une sorte de dixiéme chapitre et il 
précise que la lecture de I’article nécessite la connaissance 
du livre. On appelle triangles elliptiques fermagoriques une 
famille de triangles dont les cétés a, b, c satisfont a l’équation 
de Fermat a*+5*=c", l'un d’eux, 5 ou c, étant constant, et 
dont le périmétre a+5+<c est aussi constant. En donnant a 
tous les triangles de la famille la méme base, les troisiémes 
sommets se placent sur une ellipse. La relation entre l’ex- 
posant m et le point de I'ellipse n’a pas été découverte mais 
la détermination des triangles fermagoriques correspondant 
aux valeurs entiéres successives de n est entreprise. 


M. Decuyper (Lille). 


(')-(2-+) 


Norsk Mat. Tidsskr. 24, 13-17 (1942). 


Fjeldstad, J. E. A proof of the formula 


=2*"H, (n>=2). 
(Norwegian) 
_ It was shown by V. Brun [same Tidsskr. 23, 41-53 (1941), 
in particular, p. 52; these Rev. 3, 97] that the difference 


Qet 2" 
o ) "i oa 
is a multiple of 2. The author shows, following a sug- 


gestion of E. Jacobsthal, that 2% can be replaced by 2**. 
In the proof he uses the integral formula 


P,,,(x) =f {x+cose(2"— 1)'}"do 


for the Legendre polynomials. T. Nagell (Uppsala). 
Ljunggren, Wilhelm. A property of the middle binomial 
coefficients. Norsk Mat. Tidsskr. 24, 18-22 (1942). 
(Norwegian) 
The author gives the following extension of a result of 
V. Brun [see the preceding review]. The difference 


+1 
m( VC) 
pr" 1 
where p is a prime, is divisible by p**, when p25; by 
3, when p=3; by 2”, when p=2. T. Nagell. 


Jacobsthal, Ernst. Number-theoretical properties of bi- 
nomial coefficients. Norske Vid. Selsk. Skr., Trondhjem 
1942, no. 4, 28 pp. (1945). (Norwegian. French sum- 
mary) 

When ? is a prime, define D, as in the preceding review. 

The author proves the following generalizations of the re- 

sults of the two papers reviewed above: 
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D,=2* (mod 2****), 
D,=3** (mod 3****), rzi, 
D,=4,p"* (mod p*"**), p=5, 7&2, 
where the integer A, depends only on p. The proof uses the 
properties of Bernoulli numbers and the p-adic methods of 
Hensel. T. Nagell (Uppsala). 


r=2, 


Ljunggren, W. A property of the symmetric functions of 
certain integers. Norsk Mat. Tidsskr. 27, 101-106 
(1945). (Norwegian) 

Let the number s,”* be defined by the identity 


(x+1)(x+2)(x+4)(x+5) --- (e+3n—2)(x+3n—1) 
= Si stextet, 


k=O 
The author proves that the number s?" is divisible by 


exactly the same power of 3 as (:72) when k is even, and as 
3n(k+1)(sa4») when k is odd. T. Nagell (Uppsala). 


Ljunggren, W. Arithmetical properties of the Bernoulli 
numbers. Norsk Mat. Tidsskr. 28, 33-37 (1946). (Nor- 
wegian) 
Expository article. T. Nagell (Uppsala). 

Ljunggren, W. A note on simultaneous Pell equations. 
Norsk Mat. Tidsskr. 23, 132-138 (1941). (Norwegian) 
This paper treats the problem of finding the integral 

solutions of the simultaneous equations 


2—Dy=1, y—D,=1. 


The author proves that there is only a finite number of 
solutions and that it is possible to determine an upper limit 
for this number; in the special case D=2, D,=3 he shows 
that the only solution is x=3, y=2, z=1. The proof de- 
pends on the properties of the units of quadratic and special 
biquadratic fields. T. Nagell (Uppsala). 


Ljunggren, W. Proof of a theorem of de Jonquiéres. 

Norsk Mat. Tidsskr. 26, 3-8 (1944). (Norwegian) 

The theorem states that the only solution in integers 
n, x and y of the simultaneous Diophantine equations 
n=x+(x+1), 2? =y'+(y+1)? is n=5, x=1, y=3. The 
author gives the first proof of this theorem. He uses some 
of his own results on the units in quadratic and biquadratic 
fields [Avh. Norske Vid. Akad. Oslo. I. 1942, no. 5; these 
Rev. 8, 6] and, in addition, the p-adic method of T. Skolem 
[C. R. Huitiéme Congrés Math. Scandinaves (Stockholm, 
1934), Lund, 1935, pp. 163-188]. T. Nagell (Uppsala). 


Stérmer, Carl. A number-theoretical problem. Norsk 

Mat. Tidsskr. 26, 109-115 (1944). (Norwegian) 

The author discusses the following problem: f(x) being a 
polynomial in x, which takes integral values for every inte- 
gral value of x, determine all the solutions of the equation 
f (xo) = f(x)" f(x2)™ -- + f(x,)** in positive integers xo, ---, x», 
ki, «--, k,. Using two results of W. Ljunggren [see the pre- 
ceding review ] he shows that, in the case f(x) =x*+(x+1)’, 
y=1, the only solutions are given by the relations 
324-4? = (12+-2*)? and 119°+ 120? = (2?+3*)*. T. Nagell. 


Ljunggren, Wilhelm. On the representation of integers by 
binary quadratic forms of a special class. Norsk Mat. 
Tidsskr. 26, 51-59 (1944). (Norwegian) 

Using the p-adic method of T. Skolem [C. R. Huitiéme 

Congrés Math. Scandinaves (Stockholm, 1934), Lund, 1935, 
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pp. 163-188] the author proves the following theorem. The 
Diophantine equation 


F(x, y) =+pxtyt+gxry + pry ty = +1, 
where F(t, —1) has exactly two real roots, and where 
q#2\|\p|—3, has at most 8 solutions in integers x and y, 
including the 4 trivial solutions x=+1, y=0 and x=0, 
y= +1. If g=2|p| —3 the equation has at most 10 solutions. 
T. Nagell (Uppsala). 


Ljunggren, Wilhelm. Some theorems on indeterminate 


n—1 
equations of the form — y*. Norsk Mat. Tidsskr. 


25, 17-20 (1943). (Norwegian) 

Completing a result of the reviewer [Norsk Mat. Forenings 
Skr. (1) no. 3 (1921)] the author proves the following 
theorem. The Diophantine equation of the title is, for g=2, 
impossible in integers x, y, |x| >1, except when n=4, x=7 
and »=5, x=3. Another result is that the equation of the 
title is impossible in integers when gq is divisible by 3, except 
in the case n=3, x=18 or x= —19, g=3. T. Nagell. 


Candido, Giacomo. Le equazioni di Fermat x*—2y*= +1. 
Boll. Mat. (4) 1, 85-91 (1940). 


Nagell, Trygve. An elementary method for the determi- 
nation of lattice points on a hyperbola. Norsk Mat. 
Tidsskr. 26, 60-65 (1944). (Norwegian) 

The author investigates the solutions in integers of the 
Diophantine equation (1) x*— Dy? = + N (D and N are posi- 
tive integers, 4/D is irrational). The solutions of (1) are 
classified. Two solutions (x;, y;) and (x;, y;) belong to the 
same class if x;+yn/D=(x;+yy/D)(A+BvV/D), where 
(A, B) is a solution in integers of (2) u?— Dv* =1. Let (uo, 0) 
be the solution of (2) in the least positive integers. The 
following results are proved. (I) In each class of solutions 
of (3) x*—Dy?=+WN there is a solution (x, y) with 
0<ySte/N, 0< |x| Sue/N. (11) In each class of solu- 
tions of (4) x*—Dy’=—WN there is a solution (x, y) with 
0<yS00/{F(wo—1)N}4, O<|x|={4(uo—1)N}*. In conse- 
quence of this the class-numbers of the solutions of (3) and 
(4) are finite and the representatives of these classes (the 
fundamental solutions (x,,, ¥m)) are found by a finite num- 
ber of operations. All solutions of (3) or (4) are formed by 
(xm+¥m1/ D)(a+b,/D), where the solutions (x., y.) run 
through the system of fundamental solutions and (a, 6) run 
through all solutions of (2). S. C. van Veen (Delft). 


Nagell, Trygve. Sur la résolubilité des équations diophan- 
tiennes cubiques 4 deux inconnues dans un domaine 
relativement algébrique. Nova Acta Soc. Sci. Upsaliensis 
(4) 13, no. 3, 34 pp. (1942). 

Let f(x, y,2) be a homogeneous cubic polynomial with 
coefficients from a field Q. The purpose of the author is to 
develop the basis of a theory of the solvability of f=0 in an 
extension field over 2. Since Hilbert and Hurwitz [Acta 
Math. 14, 217-224 (1891)] have treated the case where 
f{=0 is a unicursal curve, the discussion is limited to curves 
of genus one. It is first shown that, if f=0 is solvable only 
by x=y=z=0 in Q, it cannot be solved in a field obtained 
by adjoining to 2 an algebraic number whose degree, rela- 
tive to Q, is prime to 3. In case f=0 has a solution other 
than 0, 0, 0 in Q, corresponding to the point P say, the author 
has previously shown [Acta Math. 52, 93-126 (1928) ] that 
there exists a birational transformation with coefficients in Q 
which reduces f=0 to (1) Y?=X*—AX-—B, A and B in Q. 
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If X*—AX —B is irreducible in Q, (1) is solvable in a quad- 
ratic field generated by a number of the form 4/4, 
A=a'—Aa—B, a in Q. Calling 2(./A) a quadratic resolvent 
field (root field) of f, the author proves the existence of 
infinitely many such fields when @ is algebraic; also the 
existence of infinitely many cubic resolvent fields, defined 
analogously. 

Next, (1) can be represented parametrically by the Weier- 
strassian elliptic functions X =g(u), 2Y=g’(u). The field 
(4/4) having been obtained from a point P on the cubic, 
say that this is an ordinary resolvent field in case P is the 
point with argument u=0, otherwise a singular resolvent 
field. Then a point P can generate at most two singular 
resolvent fields when z*—Az—B=0 has a single root in Q, 
and at most three when this equation has all roots in @. 
Resolvent quadratic fields are discussed in detail in several 
special cases: Y?= X*—B with B= —1, 3* and 2*3*c, where 
4c is not a cube in the rational field; Y?=X*—bX with 
b=1 and 2. 

Following Weierstrass, the writer shows that for a quartic 
R(x) without double roots, Ay?= R(x) can be reduced by a 
birational transformation to a cubic, and thus certain 
corollaries are obtained concerning such a quartic equation. 
There is an extensive bibliography and a commentary on 
some of the workscited. JI. Niven (West Lafayette, Ind.). 


Malengreau, Julien. Considerazione sulla teoria delle 
potenze. Boll. Mat. (4) 3, 35-41 (1942). 
The author considers some special solutions of the prob- 
lem of Tarry on equal sums of like powers: to find two sets 


of nonnegative integers x:, ---, Xa¢; Yi, ***, Ya such that 
M M 

(1) xf =D zy, k=0, 1, ---,m—1. 
t=] i=l 


Consider the sums taken & at a time from the set of » arbi- 
trary integers m, ---, m, for k=0,1, ---,—1. Then those 
sums for which k is even may be taken for x’s in (1) and the 
others for y's. As a special case we may take m,= 2" and the 
above result may be modified as follows. Let s=s(h) be the 
sum of the digits of the integer h in the binary scale and let 
e(h) =(—1)*; then for every arithmetical progression a+-hd, 
d=0, 1, ---, 2*—1, of 2* terms we have }-e(h)(a+Ad)*=0, 
k=0, 1, ---,—1. If we transpose to the left those terms 
for which e(k)=—1 we obtain an example of (1). Other 
corollaries are also stated. No proofs are given. 
D. H. Lehmer (Berkeley, Calif.). 


Palama,G. Osservazioni sulla nota “Considerazione sulla 
teoria delle potenze” di J. Malengreau. Boll. Mat. (4) 
3, 64-66 (1942). 

Comments on the note of the preceding review. Proofs 
are given of some of the theorems and their connection with 
some results of Barbette is traced [Assoc. Francaise Avance- 
ment Sci., C. R. 1925, 93-96]. D. H. Lehmer. 


Gloden,A. On multigrade Diophantine analysis. Euclides, 


Madrid 4, 431-436, 514-519 (1944). (Spanish) 
Expository article. 
Gupta, Hansraj. A congruence property of r(m). Proc. 


Indian Acad. Sci., Sect. A. 24, 441-442 (1946). 
Let r(m) be the coefficient of x*~ in the expansion of the 
24th power of the product (1) (1—x)(1—x*)(1—<x*) ---. The 
author gives a simple proof without the use of elliptic func- 
tion identities of the fact that r()=ne;(m) (mod 7), where 
o;(n) is the sum of the cubes of the divisors of ». The method 
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uses Jacobi’s triangular number theorem about the cube of 
(1) and the fact that a prime is uniquely representable by 
the form x*+7y whenever it is a quadratic residue of 7. 
[See J. Indian Math. Soc. (N.S.) 9, 55-59 (1945); these 
Rev. 8, 10 for another proof by Ramanathan. | 

D. H. Lehmer (Berkeley, Calif.). 


Delsarte, J. Essai sur l’application de la théorie des fonc- 
tions presque périodiques 4 l’arithmétique. Ann. Sci. 
Ecole Norm. Sup. (3) 62, 185-204 (1945). 

The author investigates almost periodic properties and 
Fourier developments of number theoretic functions. He 
proves among others the following theorem. Let f(m) be an 
arbitrary number theoretic function. There exists a mapping 
I(n) (n\|m if and only if I(m)|I(m)) so that f(n) = F(I(n)), 
where F(n) is a Besicovitch almost periodic function. 

P. Erdés (Syracuse, N. Y.). 


Rankin, R. A. A certain class of multiplicative functions. 

Duke Math. J. 13, 281-306 (1946). 

An elementary method is developed for constructing ellip- 
tic modular functions whose coefficients f(m) are multi- 
plicative. The functions f(m) constructed here are of the 
type f(m)=)> "P(x, ---, X.-1), where s=2, 4 or 8 and the 
rational integers x, ---, x; run through all solutions of 
xe+----+x3_,;=m; P is a polynomial. These sums can be 
interpreted in terms of complex numbers, quaternions and 
the nonassociative Cayley-Dickson algebra. It is shown, if 
$=2o+i2+ ---+%,1%,, and P(¢) denotes any polynomial 
in 2, --*, Z—1, that 2s}>P(¢) = >> P(e), where ¢, &, 9 run 
through all numbers of the corresponding number system 
whose norm is mn, m, n, respectively ((m, n) = 1). Additional 
formulas are given for m=p', n=p. 

By taking suitable polynomials P({), multiplicative func- 
tions f(m) can be obtained. The corresponding power series 
Di f(m)q” are elliptic modular functions. A number of them 
are calculated explicitly. Some are known (e.g., Ramanujan’s 
ake62"0:°0), others are new (e.g., 7g62°0s°0,4(0,4—6.*)). The 
proofs are elementary but the formulas for decomposition 
into 2, 4 and 8 squares are required. N. G. de Bruijn. 


Kesava Menon, P. Transformation of products of 3-func- 
tions. J. Indian Math. Soc. (N.S.) 9, 93-105 (1945). 
It is proved that 


B3(x | ar)ds(y| Br) 
M-1 


-_ pe qi ah +e) etrvibetdy) §.(ax-+-cy+rNr| Mr) 
"h, X8s(aay—cBx-+rapr|aBMr), 


where a, 8 are positive integers, a, b, c, d are integers satis- 
fying the relation ad—bc= +1 and M and N are equal to 
@a+cB, aba+cdB, respectively. A formula of Schréter 
[Tannery and Molk, Eléments de la Théorie des Functions 
Elliptiques, v. 2, Paris, 1896, p. 166] follows as a particular 
case for a=c=d=1, b=0. By considering other special 
cases, the author obtains several theorems of which the 
following is typical. If M is an odd prime greater than a or B 
and D(N) and D(N;r, p) denote, respectively, the number 
of representations of N in the forms 


am? + Bn?, M\ (m+ p/M)*+a8(n+r/M)*}, 


where m,n are integers, p*+afr?=0 (mod M) and 
0=p=(M—1)/2, then 
(M—1)/2 


D(N)=D(N;0,0)+2 2 D(N;r, p). 





The paper concludes with a generalization, too lengthy to 
reproduce here, for the product []J.10s(x | a r). 
W. H. Gage (Vancouver, B. C.). 


Yarden, Dov, and Motzkin, Theodor. The Dirichlet con- 
volution and the theory of numbers. Riveon Lemate- 
matika 1, 1-7 (1946). (Hebrew) 

The Dirichlet convolution f*g of two arithmetical func- 
tions f(m) and g(n) is defined as > f(d)g(n/d), where d runs 
through all divisors of n. This operation is commutative and 
associative, and all arithmetical functions for which f(1) #0 
form a group with respect to it. The authors study the 
application of convolution to multiplicative functions (which 
form a subgroup). They endeavour to establish that ordi- 
nary multiplication is distributive with respect to convolu- 
tion, and hence that the multiplicative functions form a 
ring with convolution as “addition” and with ordinary 
multiplication. [Cf. the following review. ] 

Many number-theoretical functions can be defined from 
the algebra of convolution. For instance, Moebius’s func- 
tion u(m) is the convolution-reciprocal of the function which 
is equal to unity for all values of m, Euler’s function (mn) 
is u(n)*n, Liouville’s function A(m) is u(n)*log n, etc. The 
basic properties of all these functions follow at once. 

A. Erdélyi (Edinburgh). 


Kabaker, Nathan. On the distributivity of Dirichlet con- 
volution. Riveon Lematematika 1, 29 (1946).. (Hebrew) 
A multiplicative function for which f(mn) = f(m) f(n) forall 

(not only coprime) m, n is said to be strongly multiplicative. 

The author proves that for the validity of the distributive 

law (cf. the preceding review ], f(g*h) =(fg)* (fh) for all n 

and for all multiplicative functions g and h, it is necessary 

and sufficient that f be strongly multiplicative. 
A. Erdélyi (Edinburgh)- 


Ramaswami, V., and Sambasiva Rao, K. On the proba- 
bility that two kth power-free integers belonging to an 
assigned arithmetic progression should be prime to one 
another. J. Indian Math. Soc. (N.S.) 9, 88-92 (1945). 


Selmer, Ernst S. A special summation method in the 
theory of prime numbers and its application to “Brun’s 
sum.” Norsk Mat. Tidsskr. 24, 74-81 (1942). (Nor- 
wegian) 

The author discusses the “probable” order of magnitude 
of sums of the type }>,<.F(p) extended over all primes not 
exceeding x; the hypotheses are compared with the results 
of numerical calculations. T. Nagell (Uppsala). 


Selmer, Ernst S. On the probability that a number is 
prime. Norsk Mat. Tidsskr. 24, 107-110 (1942). (Nor- 
wegian) 


Discussion of known results. T. Nagell (Uppsala). 


Selmer, Ernst S. Two series for the sum #(x)= > In p. 
Pst 
Norsk Mat. Tidsskr. 25, 37-40 (1943). (Norwegian) 
Discussion of the following asymptotic formula for the 
sum of the title: 


8(x)~ > (log x)*/{s!g(s)}. 
se T. Nagell (Uppsala). 
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Selberg, Sigmund. The number of cancelled elements in 
the sieve of Eratosthenes. Norsk Mat. Tidsskr. 26, 79- 
84 (1944). (Norwegian) 

Let k be the product of all primes not exceeding §=x*2=2, 
and denote by A(£, x) the number of positive integers prime 
to k and not exceeding x. The author proves the following 
relation, valid for 0<a<}: 

A(é, x) _ 


=, 


lim 
oe x/log x 
where the positive number a depends only on a. His proof 
is based on the prime number theorem. T. Nagell. 





Kryloff, Nicolas. Sur une propriété des suites particu- 
liéres de nombres premiers impairs. C. R. Acad. Sci. 
Paris 223, 966-967 (1946). 

An incomplete proof of a statement that is apparently 
incorrect. H. S. Zuckerman (Seattle, Wash.). 


Linnik, U. V. A new proof of the Goldbach-Vinogradow 
theorem. Rec. Math. [Mat. Sbornik] N.S. 19(61), 3-8 
(1946). (Russian. English summary) 

The author gives a new proof of Vinogradov’s theorem 
that every large odd integer can be expressed as a sum of 
three odd primes. The author’s previous proof of the theorem 
[C. R. (Doklady) Acad. Sci. URSS (N.S.) 49, 3-7 (1945); 
these Rev. 7, 507] was based on deep results about the zeros 
of L-series in the critical strip, involving an application of 
the Eratosthenes-Brun method. The present paper derives 
Vinogradov’s theorem by classical arguments from the 
author’s theorem [Bull. Acad. Sci. URSS. Sér. Math. 
[Izvestia Akad. Nauk SSSR] 10, 35—46 (1946) ; these Rev. 
8, 11]: if x is an Abelian character mod gq, L(s, x) the corre- 
sponding Dirichlet L-series, }=8<1, T2=q®™, then L(s, x) 
has in the rectangle B=e=1, |t| ST, at most 


O(g T40—#) | (3-28) log” T+q") 


zeros. This theorem is a straightforward generalization of 
Titchmarsh’s theorem on the number of zeros of ¢(s) [Proc. 
London Math. Soc. (2) 30, 319-321 (1929) }. 

H. A. Heilbronn (Bristol). 


Behrend, F. A. On sets of integers which contain no three 
terms in arithmetical progression. Proc. Nat. Acad. Sci. 
U.S. A. 32, 331-332 (1946). 

Denote by r(m) the maximum number of integers not 
exceeding which do not contain an arithmetic progression 
of 3 terms, i.e., the equation a;+a;=2a, is not solvable. 
The author proves that r(m) >n'-«/(oe 4, P. Erdos. 


Loria, Gino. Sulla scomposizione di un intero nella somma 
di numeri poligonali. Atti Accad. Naz. Lincei. Rend. Cl. 
Sci. Fis. Mat. Nat. (8) 1, 7-15 (1946). 

The author describes a forthright method of building a 
table giving the partitions of a number into four or fewer 
squares. Three tables are given showing the partitions of 
every number less than 101 into not more than 4 squares, 
3 triangular and 5 pentagonal numbers. The tables are quite 
unreliable as they contain more than thirty errors. This is 
not due to the method, however. D. H. Lehmer. 


Popken, J. On the irrationality of r. 
17, 217-227 (1941). (Dutch) 
The author’s simplified version of Lambert’s proof was 

given in Nederl. Akad. Wetensch., Proc. 43, 712—714 (1940) ; 


Euclides, Groningen 





these Rev. 2, 149. The present paper also contains a histori- 
cal introduction. R. P. Boas, Jr. (Providence, R. I.). 


Mordoukhay-Boltovskoy, D. Sur les conditions pour qu’un 
nombre s’exprime au moyen d’équations transcendantes 
d’un type général. C. R. (Doklady) Acad. Sci. URSS 
(N.S.) 52, 483-486 (1946). 

In this note the author intends to prove the following 
theorem. Let a, ---,a, be algebraic numbers and let 
Q(u, ---, %n, ¥) be a polynomial in ™, ---, u,, v with alge- 
braic coefficients. If — is an irrational number satisfying the 
equation Q(a;f, ---, a,§, £)=0, then there exist two positive 
numbers \, k, such that, for every rational p/q (integral p, q 
with g>0), |&—-p/q| >e—** "*¢. The proof contains many 
printer’s errors and in one place there seems to be an essen- 
tial difficulty. The author also gives some indications for the 
proof of a more general theorem. J. Popken. 


van der Corput, J. G. Rhythmic system. I. Nederl. 

Akad. Wetensch., Proc. 49, 708-721 = Indagationes Math. 

8, 416-429 (1946). 

The author gives essentially simplified proofs of theorems 
contained in his paper in Acta Math. 59, 209-328 (1932). 
[P. 714=422, line 3 from below: add “absolutely” before 
“rhythmic.” } V. Jarntk (Prague). 


van der Corput, J. G., and Davenport, H. On Minkowski’s 
fundamental theorem in the geometry of numbers. 

Nederl. Akad. Wetensch., Proc. 49, 701-707 = Indaga- 

tiones Math. 8, 409-415 (1946). 

Let L be an n-dimensional lattice of determinant 1, the 
origin O being a lattice-point; K denotes a closed convex 
body, symmetrical about O and containing no lattice-point 
other than O in its interior; V(M) denotes the volume of a 
set M. (I) There exists a polyhedron K’ with the following 
properties: K’ is convex, symmetrical about O, K’ contains 
K and has not more than 2(2"—1) faces, K’ contains no 
lattice-point other than O in its interior, but each face of K’ 
contains at least one lattice-point in its interior. Clearly 
V(K’)S2" and so V(K)=2*—(V(K’)—V(K)), which 
may lead to improvements of the Minkowski inequality 
V(K) 52". (11) Let n=2 and let us suppose that the bound- 
ary of K consists of a curve with a continuous radius of 
curvature p; let p= po, where po is a positive number. Then 
V(K) S4—(2.\/3—-2)po?; here 2,\/3—- is the best possible 
constant. (III) The -dimensional case. Let R be any (" —1)- 
dimensional plane having at least one point in common with 
K; we denote by d(R) the distance of R from the nearest 
parallel tangent plane to K and by U(R) the (m—1)-dimen- 
sional volume of the common part of R and K. If there is 
a number p,21 such that U(R)S(pid(R))“-”” for every R, 
then V(K) <2"—«ap,7~; if there is a number p2(0 <p2=1) such 
that U(R)=(p.d(R))°-” for every R, then V(K) <2"—<cap,". 
The numbers ¢>0, c.>0 depend only on n. 

V. Jarntk (Prague). 


Ollerenshaw, Kathleen. The critical lattices of a circular 
quadrilateral formed by arcs of three circles. Quart. J. 
Math., Oxford Ser. 17, 223-239 (1946). 

Let K, denote the star domain of all points (x, y) which 
satisfy at least one of the inequalities x*+y*=r*? (0<r<1), 
x?+-y*— |x| =0. A lattice whose only point interior to K, is 
the origin is defined to be admissible. The lower bound of 
the determinants of all admissible lattices is designated by 
A(K,), while an admissible lattice with determinant A(K,) 
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is known as a critical lattice. The purpose of the paper is to 
find A(K,) and to construct all critical lattices. The author 
shows that admissible lattices of minimum determinant, 
containing a point of intersection of the circle *+y=r* 
and one of the circles x*+y°+x =0, are critical lattices and 
that these are the only critical lattices except when 
434<r <1, in which case admissible lattices with three points 
on the circle x*+° =r are also critical. The methods used 
are elementary. The author uses a theorem of Mahler 
[Nederl. Akad. Wetensch., Proc. 49, 331-343 (1946) ; these 
Rev. 8, 12] to construct star domains R within K, with 
A(R)=A(K,) but for which A(R’)<A(R) for every star 
domain R’ within R but different from R. D. Derry. 


Mahler, K. A remark on the continued fractions of conju- 
gate algebraic numbers. Simon Stevin 25, 45-48 (1947). 
The author sets out to construct those irreducible alge- 

braic equations with integral coefficients having the prop- 
erty that two real roots of such an equation are equivalent 
in the sense that their expansions in regular continued frac- 
tions are identical from some point on. He constructs, by 
a well-known process, the equations (with integral coeffi- 
cients) having the property that two of their roots x;, x2 are 
related by an equation of the form x,.=(ax,+5)/(cm+d), 
where a, b, c, d are integers such that ad—bc = +1. If such 
an equation has real roots, then two of them will be equiva- 
lent in the sense explained above. H. W. Brinkmann. 


Pall, Gordon. On generalized quaternions. Trans. Amer. 

Math. Soc. 59, 280-332 (1946). [MF 15653] 

In this paper the author develops systematically the 
theory of the arithmetic of generalized quaternions as it 
arises out of the study of integral quadratic forms f=x’Ax, 
where A=(a,), adj A=(A,). He chooses the basal ele- 
ments 1, %, to, i; so that i,?= — Aaa; tt3= —Aost > dicta, 
iste = —Az— > diate, With ig, etc. obtained by the cyclic 
permutation of subscripts [cf. U. V. Linnik, Rec. Math. 
[ Mat. Sbornik] N.S. 5(47), 453-471 (1939); Bull. Acad. 
Sci. URSS. Sér. Math. [Izvestia Akad. Nauk SSSR] 4, 
363-402 (1940) ; these Rev. 2, 36, 348]. Here multiplication 
of two quaternions (‘‘Hermitions’’) corresponds to the com- 
position of related automorphs of f. ‘Integral’ quaternions 
are defined by a suitable choice of an integral basis. This 
set of integral elements has all the properties prescribed by 
L. E. Dickson except that the set is maximal if and only if 
adj f is fundamental, i.e., adj f cannot be obtained by an 
integral linear transformation of determinant greater than 
unity from an adjoint of an integral form. It is shown that 
if (bag) = U' (Gag) U then the basis K = {| K,K2K;3} associated 
with (d,s) is related to i= {it43} through K=T7%, where 
(Bag) = T’(Aas)T, T’U= UT’ =| U|I#0. If T is unimodu- 
lar, integrality is preserved. 

The author shows next that the factors with a given norm 
of a primitive quaternion are essentially unique and 
[theorem 3] that if m| N(x), then, unless the genus of the 
norm-form F contains a class of forms which do not repre- 
sent 1, there exists a right divisor ¢ of a primitive quaternion 
x, of norm m. Here F=x9+-4ex1+ heer. + fees t+ DA astaXs, 
where ¢,=0 or 1 and all the coefficients are integral. Fur- 
thermore, using integral quaternions as defined above, he 
obtains the exact formula for the integral automorphs of 
adj f and the norm-form F in the case when this latter is 
fundamental. In conclusion, the author determjnes all the 
fundamental definite norm-forms F (5 in number) in whose 
arithmetics factorization is always possible in the sense of 





theorem 3 and determines all of the 39 classes of positive 
integral forms f for which the genus of the associated norm- 
form F contains only one class. A. E. Ross. 


Chu, Fu-Tsu. Determination of the class number of Her- 
mitian forms with determinant +1. Acad. Sinica Science 
Record 1, 325-329 (1945). 

This paper is a summary of results whose proofs “will 
appear elsewhere.” The misprints are so numerous as to 
make the reviewer somewhat doubtful of the results quoted. 
The author appears to find the class number h,:(m) of 
positive Hermitian forms of determinant one in variables 
(n= 2, 3) over some imaginary fields k(,/(—m)), where k is 
the rational field and m is so chosen that the class number 
of the field is unity. Some of his results for positive forms 
may be summarized in the following table: 


m 1 2 7 11 19 43 67 163 





has(m) | 1 2 1 2 2 4 6 14 
hai(m) | 1 2 1 2 


Representative forms are exhibited for each class. Certain 
general results for definite and indefinite forms are stated 
depending on the character of m (mod 4). 

B. W. Jones (Ithaca, N. Y.). 


Deuring, Max. Teilbarkeitseigenschaften der singuliren 
Moduin der elliptischen Funktionen und die Diskrimi- 
nante der Klassengleichung. Comment. Math. Helv. 
19, 74-82 (1946). 

Suppose that 2 is an imaginary quadratic field with the 
maximal order © and the ideal classes k,, ---, ky. Set 
j(R) =j(a1/a2) with (a, a2) =aek, where j(r) is the classical 
modular invariant of elliptic fields. The author uses the 
results of his paper [Abh. Math. Sem. Hansischen Univ. 14, 
197—272 (1941) ; these Rev. 3, 104] to determine the rational 
primes p which divide the discriminant Dz of the equation 
IU-:(¢—j(&,)) =0. The technique consists in reducing a suit- 
able elliptic field K over the coefficient field C> 2(j(k:), j(R:)) 
with respect to a prime ideal divisor p, of p in C. If K has 
the ring of multiplicators 0 c 2 then the invariant j(ko) of K 
is associated with a fixed ideal class ky of 0 and j(k) is the 
invariant of the subfield u,K*= Kee K, where a= {A} is an 
integral ideal in k; with k=kok;-' and where the fields K* 
are isomorphic subfields of K. This definition of j() differs 
from the classical determination by an automorphism of the 
class field =(j(&))/Z. Then, for given k, and ks, the field K/C 
contains the elliptic fields K, and K; which belong to j(k;) 
and j(k2), respectively. Reduction of K/C modulo > Pr le leads t to 
the elliptic fields K,, K, in K with the invariants i(k), j(h). 
The congruence j(k;) =j(R2) (mod p; M Z(j(k:), j(R2))) is equiv- 
alent to the statement that K, and R; have identical invari- 
ants. Suppose that 7(k:)~j(k2); then K,; and Kz are not 
isomorphic. One may assume that K, ¢ K,. Thus the deter- 
mination of the prime factors of Dz is equivalent to the 
consideration of the multiplicators » (not in 0) of K, with 
R,= Ky. The detailed investigation, depending on the fac- 
torization of p in 2, leads to the following results: (1) Dz is 
divisible only by primes p which do not decompose into 
distinct prime ideals of 2; (2) a prime p divides Dz if there 
exist nonprincipal ideals a of 0 which become principal, 
aR=aR, in a maximal order R > 0 of the rational quaternion 
algebra Q..,, with the sole ramifications p and. 

O. F. G. Schilling (Chicago, IIl.). 
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ANALYSIS 


*Popoviciu, Tibere. Les fonctions convexes. Actualités 
Sci. Ind., no. 992. Hermann et Cie., Paris, 1944. 76 pp. 
The function f(x), defined on a linear set E, is said to be 

convex, nonconcave, polynomial, nonconvex, concave of 

order n, respectively, on E provided the divided difference 

[ x1, %2, -**, Xn42; f] of order m+1 satisfies 


(1) [x1, %2, °°*, XuaiSl>, =, =, =, <0 


for all sets of n+2 points of E. All the above functions are 
said to be of order n; for »=1 the functions are the usual 
convex, nonconcave, linear, etc., functions. The conditions 
(1) can be expressed in terms of Vandermonde determinants. 
Geometrically, a condition that f be convex of order n is 
that for all points x1, %2, ---, Xa4: of EZ, with x;<xj41, we 
have f(x)>P(x1, x2, «++, %Xn41;f;x) for all x of E with 
x>Xnas1, where P denotes the polynomial of minimum de- 
gree coinciding with f at 2, %2, ---,%Xn41; this condition 
implies further that f intertwines with P in accordance with 

(—1)"-* f(x) >(—1)- P(x, x, 
for xj<x<xXj41. 

In the first chapter the author develops fundamental 
properties of functions of order m, in the second he con- 
tinues the study of functions of order m and considers 
various inequalities, in the third he examines several gener- 
alizations of functions of order n, while he devotes the 
fourth and last chapter to the discussion of functions of two 
or more variables. 

Proofs are omitted deliberately, and very few applica- 
tions are made. Otherwise, much of the standard theory of 
ordinary convex functions can be obtained from the book 
by always taking the case m =1. The extensive bibliography 
is confined to the sources actually used in writing the book. 

E. F. Beckenbach (Los Angeles, Calif.). 


++, Xnga; Sf; X) 


Schoenberg, I. J. On totally positive functions, Laplace 
integrals and entire functions of the Laguerre-Polya- 
Schur type. Proc. Nat. Acad. Sci. U. S. A. 33, 11-17 
(1947). 

The author ealls a real-valued function A(x) defined for 
all real x totally positive if (i) A(x) is measurable, (ii) all 
determinants det ||A(x;—?,)|| are nonnegative if x; <--- <x,, 
th<--++<t,, and (iii) A(x) is positive for at least two values 
of x. The conditions are independent and imply that 
A(x)20 for all x and that —log A(x) is convex. The inte- 
gral f*.A(x)dx is infinite or finite according as A(x) is 
monotone or not. In the latter case A(x) is called a Pélya 
frequency function ; examples of such functions are e~* and 
E(x)e*, where E(x) is 0 for x<0 and 1 for x20. Every 
discontinuous totally positive function is obtained from 
E(x)e~* by replacing x by ax+6. An entire function of 
type II in the sense of Pélya and Schur has a canonical 
representation of the form (z) = Cz"e~7"+*J](1+4,z)e~, 
where C is real, n=0, y=0, 6 and 4, are real. It becomes of 
type | if y=0, 6,20 and 6—}4,2=0. The connection be- 
tween totally positive functions and entire functions of 
type II goes through the bilateral Laplace transform: if A(x) 
is not of the form e****, then f*..e*A(x)dx converges in a 
strip a<R(z) <8 (— © Sa<fB=+ @) and represents there 
the reciprocal 1/(z) of a function of type II which is not 
of the form Ce**. If a and @ are finite, they are consecutive 
zeros of @(z). Conversely, if #(z) is an entire function of 
type II, not of the form Ce*, and if a and 8 are consecutive 
zeros of @(z), then 1/#(z) is the bilateral Laplace transform 





in the strip a<R(z) <8 of a totally positive function A(x) 
or of the negative of such a function. This function is a 
Pélya frequency function if and only if a<0< 8. The func- 
tions A(x) corresponding to contiguous intervals differ by 
the residue of e~*/#(z) at the zero of #(z) separating the 
two intervals. If #(z) is of type I, then an ordinary uni- 
lateral Laplace transform gives the representation of 1/(z) 
in (—é,, + ©) in terms of a Pélya frequency function which 
is zero for x >0. The function A(x) is of class C* if and only 
if either y>0, or y=0 and 4,>0 for infinitely many ». 
A Pélya frequency function of class C* has the property 
that A(x) has exactly m simple real zeros for all n. Finally 
if A(x) is a Pélya frequency function and 4, < --- <#,, then 
the linear combination a,A(x—t)+---+a,A(x—t,) obeys 
the rule of signs of Descartes. Extensions to totally positive 
sequences are promised. £. Hille (New Haven, Conn.). 


Beckenbach, E.F. An inequality of Jensen. Amer. Math. 

Monthly 53, 501-505 (1946). 

By observing that the product of two positive non- 
increasing convex functions of t is convex, the author shows, 
as a corollary of familiar facts concerning the expression 
(i) {ScaZ}""* (a;>0, j7=1, ---, m), that, for 0<t<+, the 
logarithm of (i) is a convex function of ¢, and that, conse- 
quently, so is (i) itself. L. C. Young (Cape Town). 





Theory of Sets, Theory of Functions of Real 
Variables 


*Graves, Lawrence M. The Theory of Functions of Real 
Variables. McGraw-Hill Book Company, Inc., New 
York, 1946. x+300 pp. $4.00. 

The book has a fifteen page introduction to logic and the 
class calculus, and uses Moore’s system of symbols. The 
second chapter is devoted to the real number system. Alge- 
braic concepts, which have become important in modern 
analysis, are defined: isomorphism, semigroups, their im- 
bedding into groups, ordered sets, Dedekind cuts. Chapter 
III deals with point sets in Euclidean space and the classi- 
fication of points and of sets. Sections on sequences of points 
and the Heine-Borel theorem close the chapter. Then comes 
a chapter on functions and their limits. The properties of 
continuous and semicontinuous functions are deduced. In 
the chapter on derivatives there is a discussion of the first 
and second differentials of functions of several variables. 
Next comes a thorough study of Riemann integration. There 
follows a special chapter on uniform convergence and on 
the interchange of order in repeated limits. This is applied 
to the integration of sequences of functions and to infinite 
series, single and double. A section on the space of con- 
tinuous functions introduces Ascoli’s theorem on the com- 
pactness of bounded equicontinuous sets of functions, 
Weierstrass’ theorem on the approximation of continuous 
functions by polynomials and nondifferentiable continuous 
functions. Chapter VIII treats implicit functions, maximal 
sheets of solutions and the fixed point theorem for a simplex. 
The next chapter presents an extensive study of existence 
theorems for ordinary differential equations. 

Next follows a development of Lebesgue integrals which 
uses some of F. Riesz’s ideas. First an interval function is 
introduced, defined for all proper and degenerate intervals. 
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Then comes the concept of a set of measure zero. A measur- 
able function is defined as the limit almost everywhere of 
step functions. The definition of the integral of a step func- 
tion is straightforward. For essentially bounded sequences 
the truth of f lim f,dx=lim ff,dx is postulated. With the 
help of a weak form of Egoroff’s theorem, itis possible to 
obtain from there the definition of an integral of an essentially 
bounded measurable function. Only now does the author 
deal with measurable sets and their measures, with measur- 
able functions, the fundamental theorem of integral calculus 
and rectifiable curves. Chapter XI treats the differentiation 
of an integral with respect to a parameter, Fubini’s theorem, 
change of variables and integrals over unbounded domains. 
A study of functional space and of orthonormal systems 
follows. The last chapter is devoted to the Lebesgue-Stieltjes 
integral and closes with Riesz’s theorem on the form of a 
continuous linear functional in the space of continuous 
functions. Franti$ek Wolf (Berkeley, Calif.). 


Liapounov, A. A. Séparabilité multiple pour le cas des 
opérations és. C. R. (Doklady) Acad. Sci. URSS (N.S.) 
53, 395-398 (1946). 

Consider a class Z of subsets of an arbitrary set. Let 
Xi, Xo, --- be a sequence of sets of Z. If whenever []X,=0 
there exists a sequence { Y,} of sets, each of which, together 
with its complement, belongs to Z, such that X, ¢ Y, and 
IL Y.=0, we say that Z satisfies the first condition of 
multiple separation. If with any sequence {X,} there is 
associated a sequence of sets {Z,}, whose complements 
belong to Z, such that X,—[]X, ¢Z, and [[Z,=0 we say 
that Z satisfies the second condition of multiple separation. 
The concept of multiple separation is due to P. Novikoff 
[same C. R. (N.S.) 4 (1934 III), 145-148 (1934) ]. The 
author is mainly concerned with the determination of con- 
ditions sufficient to ensure the satisfaction of the above con- 
ditions for a given class Z when the operation of the taking 
of product is replaced by a és-operation. The results ob- 
tained not only include most of those known on multiple 
separation but give many new cases, both for separation 
and nonseparation. J. Todd (London). 


Sierpinski, Waclaw. Sur un ensemble ordonné de puissance 
supérieure 4 celle du continu. Actas Acad. Ci. Lima 9, 
137-138 (1946). 

The object of this note is to define an ordered set and to 
show, without resort to the axiom of choice, that it is of 
cardinal greater than that of the continuum. On the other 
hand, as the author remarks, he does not know how, with- 
out use of the axiom of choice, to prove the existence of an 
ordered set of cardinal equal to, or greater than, that of the 
set of all real functions f(x). H. Blumberg. 


Eyraud, Henri. De la divisibilité asymptotique. C. R. 

Acad. Sci. Paris 224, 169-171 (1947). 

An infinite set (a,) of integers divides another infinite set 
(b,) if all but a finite number of the 5; are a; but not con- 
versely. The author studies the order thus induced in the 
family of all such infinite sets. In particular, he shows that 
it contains a transfinite sequence of the order type of any 
transfinite ordinal of the second or third class. He announces 
the existence of a well-ordered subfamily of a dense order 
type of power %, somewhat analogous to the rationals [cf. 
I. Maximoff, Ann. of Math. (2) 41, 321-327 (1940) ; 44, 90— 
92 (1943); these Rev. 1, 206; 4, 213]. J. W. Tukey. 





Dienes, Z. P. Sur la comparabilité des ensembles mesu- 
rables B par des procédés dénombrables. C. R. Acad. 
Sci. Paris 223, 967-969 (1946). 

A proposition is demonstrable D if it can be reduced to a 
countable number of comparisons of pairs of integers. Thus 
the equality of two real numbers is demonstrable D. For 
a class of sets closed under intersection and complementa- 
tion, comparability D is equivalent to the demonstrability 
D of emptiness or nonemptiness of such a set. The author 
indicates a proof that sets of the classes B, and B; (the first 
two Borel classes) are comparable D and conjectures that 
this is so for all Borel sets. J. W. Tukey. 


Kosmath, W., und Graeub, W. Uber ebene axialsymme- 
trische Punktmengen. Experientia 2, 492-493 (1946). 
The axes of symmetry of a bounded set in E* pass 

through one point. If an arbitrary set M in E* has axes of 

symmetry through the point P, there are either a finite 
number n of them and two successive ones form the angle 

a/n, or else the axes of symmetry through P are everywhere 

dense among the lines through P. H. Busemann. 


Hadwiger,H. Inhaltsungleichungen fiir innere und dussere 

Parallelmengen. Experientia 2, 490 (1946). 

Let A be a closed set in E* and A, the union of all closed 
spheres of radius p with center in A. If M’ denotes the com- 
plement of M, let A_,=[(A’), |’. The Lebesgue measures 
V, V,, V_, of A, A,, A_, satisfy the relations 


V,= V+ (36x V*)'p+ (482° V)'p?+ (42/3) %, 
V_,= V— (36x V?)ip+ (48x? V) tp? — (42/3) p?. 
H. Busemann (Northampton, Mass.). 


Ringenberg, Lawrence A. On the extension of interval 
functions. Trans. Amer. Math. Soc. 61, 134-146 (1947). 
Let Co be the class of all two-dimensional closed intervals 

with sides parallel to the coordinate axes and contained in 

the unit square Ry. A countably additive set function @ of 

the Borel sets E in Ro is a B-extension (B for Burkill) of a 

function ¢ of the intervals J of Cy if #(£) =¢(J) for every 

E contained between J and its interior. The interval func- 

tion ¢ is additive if ¢(J) =>-3.1¢(J;) whenever Ih, ---, In 

are nonoverlapping intervals whose union is J; ¢ is con- 
tinuous if ¢(/) approaches 0 with the measure of J. The 

following statement is typical of the author’s results. A 

necessary and sufficient condition that a nonnegative ¢ 

possess a nonnegative B-extension is that ¢ be additive and 
continuous. Similar results are obtained for functions of 
variable sign and functions whose initial domain of defini- 
tion is restricted to intervals with parameter of regularity 
bounded away from 0. P. R. Halmos (Chicago, IIl.). 


Gomes, Ruy Luis, and de Barros, Laureano. General theory 
of measure, 1-2. Jordan measure. 2ded. Cadernosde 
Andlise Geral, no. 2-5. Junta de Investigacao Mate- 
mAtica, Pérto, 1946. 26 pp. (Portuguese) 

This expository booklet accompanies the series on Borel 
and Lebesgue measure reviewed earlier [Neves Real, same 
Cadernos nos. 14, 15, 16, Pérto, 1945; these Rev. 7, 196]. 
The authors define the exterior and interior Jordan meas- 
ures and the field of J-measurable subsets associated with 
the ordinary n-dimensional volume of intervals in n-space. 
In the major part of the booklet they prove the usual alge- 
braic and topological properties of these sets and functions. 

M. M. Day (Urbana, IIl.). 
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Popken, J., and Turkstra, H. A P-adic analogue of a 
theorem of Lebesgue in the theory of measure. Neder. 
Akad. Wetensch., Proc. 49, 802-814 = Indagationes Math. 
8, 505-517 (1946). 

Les auteurs définissent sur le corps p-adique une mesure, 
qui n’est autre que la mesure de Haar du groupe additif 
localement compact des nombres p-adiques [ce fait n’est 
mentionné nulle part dans le mémoire]. Ils démontrent 
ensuite pour cette mesure l’analogue du théoréme de 
Lebesgue sur les points de densité d’un ensemble mesurable. 
[Le rapporteur signale que cette propriété découle aussitét 
des théorémes généraux de R. de Possel sur la dérivation 
des fonctions d’ensemble [J. Math. Pures Appl. (9) 15, 
391-409 (1936) ] et.du fait que les “‘intervalles’’ p-adiques 
jouissent trivialement de la propriété B* du mémoire de de 
Possel, parce que tout point d’un tel intervalle peut en étre 
considéré comme le “centre.’”’ La propriété B* entraine 
d’ailleurs d’avantage que le théoréme de Lebesgue, qui est 
équivalent 4 la dérivation des fonctions d’ensembles a4 
pseudo-dérivée bornée ; elle montre [loc. cit. ] que le systéme 
des “intervalles” p-adiques dérive toute fonction d’ensemble 
absolument continue et finie pour tout ensemble de mesure 
finie. | J. Dieudonné (Sao Paulo). 


Maharam, Dorothy. An algebraic characterization of meas- 
ure algebras. Ann. of Math. (2) 48, 154-167 (1947). 
The principal result of this paper is the derivation of a 

set of three conditions on a nonatomic Boolean o-algebra E, 

which are necessary and sufficient for the existence of a 

positive, finite, countably additive measure on E. The con- 

ditions are quite complicated ; one of them (1) is an infinite 
distributive law and the other two are strengthened versions 
of the countable chain condition (C.C.), which states that 
if every two distinct elements of a subset X of E are disjoint 
then X must be countable. The author introduces a (gener- 
alized) topology into E and then uses the methods and 
results of Kakutani on the metrizability of topological 
groups in order to obtain first an outer measure and then a 
measure on E. The last part of the paper raises various 
questions concerning the extent to which the author’s con- 
ditions may be simplified, and makes a comment on the 
unlikelihood of simplifying them very greatly. It turns out, 
in fact, that if (1) and (C.C.) were always sufficient to 
ensure the existence of a nontrivial outer measure on E then 
Souslin’s hypothesis would be true. P. R. Halmos. 


Masani, P. R. Multiplicative Riemann integration in 
normed rings. Trans. Amer. Math. Soc. 61, 147-192 
(1947). 

For functions defined on an interval with values in a 
normed ring a Riemann product integral (#-integral) is de- 
fined. It is shown that a function is x-integrable if and only 
if it is Riemann integrable in the usual additive sense, hence 
that boundedness and continuity almost everywhere imply 
x-integrability. Also x-integrability on an interval implies 
boundedness and product integrability on subintervals. The 
product of x-integrable functions need not be x-integrable. 
The Peano series for a x-integral in terms of iterated addi- 
tive integrals and an integral equation of the usual type are 
obtained. Product differentiation is defined and shown to be 
inverse to x-integration. Partial x-integration and change 
of variables theorems are included. It is indicated through- 
out how the theory simplifies if the normed ring is either 
Abelian or finite-dimensional. W. Ambrose. 





Brisac, Robert. Sur les fonctions multiformes. C. R. 

Acad. Sci. Paris 224, 92-94 (1947). 

Let R be a many-valued function on one topological space 
X to another Y. The author defines the upper and lower 
limit-functions, SR and JR [cf. Kuratowski, Fund. Math. 
18, 148-159 (1932) ]. In terms of these he characterizes 
upper and lower semi-continuity of R both in the sense of 
Hahn and of Blanc [C. R. Acad. Sci. Paris 196, 1769-1771 
(1933) ]. R. Arens (Princeton, N. J.). 


Brisac,R. Les classes de Baire des fonctions multiformes. 
C. R. Acad. Sci. Paris 224, 175-176 (1947). 
The author extends the Baire classification of functions 
to cover many-valued functions. R. Arens. 


Brisac, R. Les classes de Baire des fonctions multiformes. 
C. R. Acad. Sci. Paris 224, 257-258 (1947). 
Baire’s theorem concerning the sets on which functions 
of the first class are continuous is extended to many-valued 
functions. R. Arens (Princeton, N. J.). 


Martinelli, Enzo. Sopra una proprieta del circolo oscula- 
tore ad una curva piana in un punto di massimo del 
raggio di curvatura. Boll. Un. Mat. Ital. (2) 5, 233-235 
(1943). 

If the radius of curvature of the plane arc I reaches its 
maximum at an interior point p of I and is nonincreasing 
on both sides of p, then T lies in its circle of curvature at p. 
This need not be so if the monotony condition is omitted. 

H. Busemann (Northampton, Mass.). 


Huzurbazar, V. S. Remarks on Rolle’s theorem. J. 
Benares Hindu Univ. 6, part 1, 33-38 (1943). 
The author gives some cases where Rolle’s theorem holds 
even though a derivative does not necessarily exist through- 
out the interval. R. P. Boas, Jr. (Providence, R. I.). 


Popoff, Kyrille. Uber die verallgemeinerten Ableitungen, 
die durch ein Iterationsverfahren gebildet sind. Abh. 
Preuss. Akad. Wiss. Math.-Nat. Kl. 1942, no. 2, 19. pp. 
(1942). 

The author applies smoothing processes analogous to the 
Hdlder and Cesaro summability methods to the difference 
quotient in order to obtain a generalized derivative. Given 
f(x), let Do(u) =Ao(u) ={f(x+u)—f(x)}/u, So(u)=1, 
Dass(u) =u {"D,(t)dt, Ansi(u) = So", (2)dt, 8n41() = So"8,(t)dt. 
The Hélder derivative of order m is lim,.oD,(u) and the 
Cesaro derivative is limy.A,(u)/8,(u). It is shown that, if 
the Hélder derivative of order n exists, then the Cesaro 
derivative of order m is equal to it. The converse is proved 
under the assumption that lim infy.oDo(u), lim supy.oDo(™) 
are finite. The classical formulas hold for the generalized 
derivatives of the sum of two functions, for the product if 
one factor is continuous, for the quotient if the denominator 
is continuous, and for F(f(x)) if the classical derivative F’ 
is continuous. L. W. Cohen (Lexington, Ky.). 


Fantappié, Luigi. Sulla struttura delle funzioni di pid 
variabili. Univ. Roma e Ist. Naz. Alta Mat. Rend. Mat. 

e Appl. (5) 2, 61-70 (1941). 

L’auteur montre qu’une condition nécessaire et suffisante 
pour qu’une fonction dérivable (x,y) soit de la forme 
el g:(x)+g2(y)] est qu'elle satisfait & une équation aux 
dérivées partielles du 3° ordre qui est obtenue aisément en 
exprimant que Z(x, y) =log 2.’ —log 2,’ = log g:'(x) —log gs’(y) 
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satisfait A #Z/axdy=0; la solution générale de |’équation 
est de la forme précédente od I’on choisit arbitrairement les 
trois fonctions ¢, g, g:, d’une variable. P. Lelong (Lille). 


Theory of Functions of Complex Variables 


Kasner, Edward, and De Cicco, John. A partial differen- 
tial equation of fourth order connected with rational 
functions of a complex variable. Proc. Nat. Acad. Sci. 
U.S. A. 32, 326-328 (1946). 

The numerators of the real and imaginary parts of a 
rational function of the complex variable z= x-+-7y are poly- 
nomials g(x,y) and ¥(x, y). The function g(x, y) does not 
necessarily satisfy the Laplace differential equation, but the 
class of these functions contains the class of harmonic poly- 
nomials as a proper subset. It is shown that the functions 
g(x,y) are characterized by a partial differential equation 
of fourth order analogous to the Laplace equation, and that 
the functions g(x, y) and (x, y) together are characterized 
by a pair of partial differential equations of the second order 
analogous to the Cauchy-Riemann equations. 

E. F. Beckenbach (Los Angeles, Calif.). 


Delange, Hubert. Sur les suites de fractions rationnelles 
a zéros et péles réels. Bull. Sci. Math. (2) 70, 96-116 
(1946). 

The author gives the proofs of his results announced 
earlier in C. R. Acad. Sci. Paris 221, 371-373 (1945) [these 
Rev. 7, 200]. These concern the asymptotic distribution of 
the zeros and poles of a sequence of rational functions R,(z) 
for large m. Necessary and sufficient conditions are given 
for the convergence of the sequence {¢(m)}~' log | R,(z)| 
outside a closed segment of the real axis [a,b], where 
o(n)>0. M. S. Robertson (New Brunswick, N. J.). 


Belardinelli, Giuseppe. Una applicazione delle convergenza 
in media. Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. 
Rend. (3) 6(75), 641-648 (1942). 

The author extends results on the representation of an 
analytic function by a Newton interpolation series from the 
case where it is analytic on the contour bounding the 
domain of analyticity to the case where it has mean-square 
boundary values on the contour. R. P. Boas, Jr. 


Ghika, Al. Sur l’espace fonctionnel de Cauchy et l’approxi- 
mation des fonctions analytiques uniformes. Mathe- 
matica, Timisoara 22, 109-142 (1946). 

The author discusses Runge’s theorem and similar results 
in the language of abstract spaces. R. P. Boas, Jr. 


Colucci, Antonio. Sul prolungamento analitico. Rend. 

Accad. Sci. Fis. Mat. Napoli (4) 12, 182-187 (1942). 

Let D be an open set in the plane, and J a perfect set in D. 
If for each point P of J the measure A(d) of the part of J 
within distance d of P is such that A(d)/d—0 or is bounded 
for d—0, then J is said to be of null or finite linear order, 
respectively. More generally, for any value p, 0<p<2, if 
A(d)/d?—0 or is bounded, the set is said to be of dimension 
order 2—> or less than 2—?, respectively. With this termi- 
nology, two theorems of Painlevé extending the classical 
theorem of Liouville concerning the behavior of an analytic 
function in the neighborhood of a singular point may be 
stated as follows. If f(z) is analytic in D—J and is bounded 





(continuous) on J, and J is of null (finite) linear order, then 
f(z) can be continued analytically throughout D. 
Extending these results of Painlevé, the author shows 
that, for 1<p<2, if f(z) is analytic in D—TJ and is of dimen- 
sion order less than (equal to) 2—, and if f(z)d?“ is 
bounded (approaches zero) as d—0, then f(z) can be con- 
tinued analytically throughout D. Similar results, but with 
Hélder conditions of order equal to or less than 1—), 
respectively, in place of the conditions on f(z)d?, hold for 
0<p<i. E. F. Beckenbach (Los Angeles, Calif.). 


Mandelbrojt, Szolem. Sur une inégalité générale. C. R. 

Acad. Sci. Paris 224, 22—24 (1947). 

The author announces a theorem on the coefficients of a 
Dirichlet series representing an analytic function in a cer- 
tain general sense; this is more general than his previous 
results [same C. R. 222, 1157-1158 (1946); these Rev. 8, 
20]. The statement is too long to be reproduced here. 

R. P. Boas, Jr. (Providence, R. I.). 


Rios, Sixto. On the probability that a Taylor series admits 
an analytic continuation. Revista Mat. Hisp.-Amer. (4) 
6, 174-176 (1946). (Spanish) 

Let f(z) = Xf p.e'*-2z"", with radius of convergence 1. The 
author sketches a proof that the set of such power series 
which can be continued analytically beyond |z|=1 has 
measure zero in the product space of the spaces of sequences 
{pa} and {¢,}. Details are to be published later. 

R. P. Boas, Jr. (Providence; R. I.). 


Barba, Guido. Questioni di convergenza e teorema di 
Hadamard per le serie di Dirichlet e le serie di potenze 
“generalizzate” gruppali. Rend. Accad. Sci. Fis. Mat. 
Napoli (4) 12, 193-202 (1942). 

Simple considerations on special cases of Dirichlet series. 
S. Mandelbrojt (Paris). 


Shah, S. M. On the singularities of a class of functions 
on the unit circle. Bull. Amer. Math. Soc. 52, 1053-1056 
(1946). 

If f(z) is regular in the whole plane except at z=1, and 
if f(z) is represented by the respective series (1) }¢a,2" and 
>), /z" inside and outside of the unit circle, with (2) a, =O(n*) 
and b,=O(n*), the point z=1 is a pole of f(z) [proofs by 
Obreschkoff, Szegé, and Tschebotaréw, Jber. Deutsch. 
Math. Verein. 43, 13—16 (italic) (1933) ]. The present paper 
requires merely that f(z) is regular inside and outside the 
unit circle and at some points on the unit circle, and that 
the coefficients in its representations (1) satisfy conditions 
(2); it concludes that every isolated singularity of f(z) is a 
pole of order not greater than k+1. The proof, patterned 
after Szegé’s proof of the older result, assumes explicitly 
that & is a positive integer. However, Hadamard’s work 
[ J. Math. Pures Appl. (4) 8, 101-186 (1892), in particular, 
pp. 171-172] can be superimposed on the author’s proof to 
validate the theorem for any positive k. G. Piranian. 


Shah, S. M. On the lower order of integral functions. 

Bull. Amer. Math. Soc. 52, 1046-1052 (1946). 

The lower order \ of an integral function was defined by 
J. M. Whittaker [J. London Math. Soc. 8, 20-27 (1933) ], 
in analogy to the ordinary (upper) order p, the function 
being said to be of regular growth if \=p. This paper con- 
tains a number of theorems on the lower order of an integral 
function, and thus is a contribution to the theory of integral 
functions of irregular growth. O. Helmer. 
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Mursi, and Makar,R.H. Coefficients of basic sets and 
functig¢fs represented. Proc. Math. Phys. Soc. Egypt 3 
(1945) 25-35 (1946). (English. Arabic summary) 

For terminology see J. M. Whittaker, “Interpolatory 
Function Theory,”” Cambridge University Press, 1935. Let 
Px(z) = Cre opaz* form a basic set, with u(m) polynomials of 
degree less than or equal to m; the set is “regular” if 
u(m,)=m+1 for an infinite sequence {m}. The authors 
consider regular sets for which —m1S/ for 122 and 
establish a generalization of a result of Whittaker stating 
that, under suitable restrictions on the p,., the corresponding 
basic series represents all entire functions of sufficiently 
small order. A sharper result is obtained for simple sets 
(u(m)=n-+1 for all n). In addition the authors discuss 
“products” of basic sets, that is, the sets obtained by multi- 
plying the associated matrices of several given sets. 

R. P. Boas, Jr. (Providence, R. I.). 


Bernstein, Serge. Sur la meilleure approximation des fonc- 
tions sur l’axe réel par des fonctions entiéres de degré 
fini. I. C. R. (Doklady) Acad. Sci. URSS (N.S.) 52, 
563-566 (1946). 

[For parts I and II cf. the same C. R. (N.S.) 51, 331-334, 
487-490 (1946) ; these Rev. 8, 20.] In this note the author 
starts from a result given in his monograph [Lecons sur 
les Propriétés Extrémales, Paris, 1926, pp. 107, 108] and 
shows that, if F(z) is an entire function of degree p (i.e., 
lim sup |a,|'/"=p, F(z) = Sa,2"/n!), and if | F(x) | =|x+7b|™ 
(6>0; m an integer, m=0; — ~ <x< ~~), then 


| ay | = LI!Cn, Cr, grip, 
i 


He then discusses the case when F(x) is a polynomial R,(x) 
of degree n (n>m) such that | R,(x)| =|x+5:|* on a finite 
interval only, and states an equality for |a,| corresponding 
to that mentioned above. Finally, he treats a problem 
started in part I and states the following result. If 2q¢>0, 
x**f(x)—-0 as x40, a>0, h>0, | R,(x)| S(ax*+h)* in 
(—n, mn), and if E,f is the best approximation of f(x) by 
polynomials R,(x) on (—L,L), Af that by functions of 
degree p=1 on (— ~~, ~), then E,f—Af (n>L— ©) pro- 
vided that L/n-—0 rapidly enough. The proof is outlined ; 
there are intermediate results of independent interest in 
themselves. H. Kober (Birmingham). 


Achyeser, N. I. On the polynomials of B. M. Lewitan. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 54, 3-5 (1946). 
Certain sequences of periodic trigonometric sums, called 

polynomials of Lewitan, have been used to examine integral 

functions of exponential type that are bounded on the real 
axis ; it has been shown that each such function is the limit 
of a sequence of Lewitan polynomials. The present work 
generalizes these sums, thus permitting the condition of 
boundedness on the real axis to be lifted for certain classes 
of functions. By W,™ (20, k=0, 1, ---) is meant the class 
of all integral functions f(z) of exponential type not exceed- 
ing ¢ for which f(x) |x—i|-*"eL?(— ©, ©). Here s=x+4y. 
Let » be a positive integer. Set 


1 ) 
E,™ (x) a f f(u)(2(uh)— sin 4uh)**e-™ du, 
Tr /—«@ 
where h=o/n and — © <x< @; define S,(x) by 


n+k 
Sf; x) =S,(x)= SC hE,®(mh)em, 


ma—(n+k) 





(These reduce to the original Lewitan polynomials for k = 0.) 
After some preliminary results, it is shown that: (I) if 
S(@)eW,.™, then lim,.. S,”(f;x)=f(x), —o<x<o, the 
convergence being uniform in every finite interval; (II) ex- 
tending the definition of S,® to complex values z, then 
S,(f; z)—f(z) uniformly in every bounded region of the 
complex plane. I. M. Sheffer (State College, Pa.). 


Buck, R. Creighton. An extension of Carison’s theorem. 

Duke Math. J. 13, 345-349 (1946). 

The author extends a classical theorem of Carlson [cf. 
G. H. Hardy, Acta Math. 42, 327-339 (1920)] by intro- 
ducing a new definition for the density of a sequence, which 
he calls the Poisson density. Let A be a subset of the set of 
all positive integers and let A(x) denote the number of 
points of A in the interval (0, x). The expression 


D,(A) =lim sup (2/x) f = rv a 
you 0 


is called the upper Poisson density of A, and the lower 
P-density D,(A) is defined analogously. The author estab- 
lishes various relations between the P-densities and other 
types of density. Thus, if the Pélya upper and lower densi- 
ties of A are defined by D(A)=lim sup... A(x)/x and 
D(A) =lim inf... A(x)/x, respectively [G. Pélya, Math. Z. 
29, 549-640 (1929)], then D(A)=D,(A)=D,(A)=D(A). 
Furthermore, if the upper mean density is defined by 
Dy(A) =lim sups.. fot A (dt and analogously for the lower 
mean density, then Dy(A)=D,(A)= (A)SDy(A). A 
function f(z) is said to be of class K*(a, y) if it is regular 
in R(z)=0 and satisfies there an inequality of the form 
| f(z) | <Ketlzi+rlsl+«ls! for any «>0. Now, let {y}4 be the 
class of all real numbers y such that there exists a function 
f(z) of class K*(a, y) which vanishes in A, but is not iden- 
tically zero. Finally, let y(A) denote the greatest lower 
bound of {y}4. Then the author’s extension of Carlson’s 
theorem is the inequality xD,(A)S7(A)SD,(A). As a 
corollary, he obtains the result that, if f(z) of class K*(a, 7) 
for y<D,(A) vanishes in A, then f(z)=0. Similar results 
for D(A) and Dy(A) follow at once. Applications of these 
results are made to the closure of {e*~} in L and to analytic 
continuation. W. Seidel (Rochester, N. Y.). 


Boas, R. P., Jr. Correction to “Entire functions bounded 
on a line.” Duke Math. J. 13, 483-484 (1946). 
The paper appeared in the same J. 6, 148-169 (1940); 
these Rev. 1, 212. 


Meyman, N. An estimation of the distance between two 
zeros for a class of integral functions. C. R. (Doklady) 
Acad. Sci. URSS (N.S.) 53, 11-14 (1946). 

The integral functions u(z), v(z) form a real pair if u, v are 
real for real z and if for all real a, 6 the function au+-bv has 
no complex zeros. (It is also supposed for simplicity that 
u, v have no zeros in common.) Such pairs have been exam- 
ined by N. Tschebotaréw [same C. R. (N.S.) 35, 195-197 
(1942); these Rev. 4, 214], N. Meyman [ibid. 40, 46-49 
(1943); these Rev. 6, 59] and B. Levin [ibid. 41, 47-50 
(1943); these Rev. 6, 59]. It is known that the zeros of 
u(z), v(z) (which of course lie on the real axis) alternate, and 
that the condition | {(z)+#é0(z)} /{u(s) —év(z)} | <1 for all 
y>0 (s=x+iy) is necessary and sufficient that u,v form a 
real pair. The present work deals with the zeros of u, v. The 
principal results are as follows. (I) Let u,v be a real pair, 
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and define » by 
lim sup y {log | u(iy) +é0(éy) | 
———) 


—log |u(—iy) +i0(—iy) |} = —2y. 
Then x is finite and nonnegative and every interval on the 
real axis of length 42/u or of length x/, contains at least 
one zero of u(z) or v(z) or contains at least one zero of u(z) 
and one zero of v(z), respectively. (11) Let u, v be a real pair 
and denote the zeros of F(z) =u(z)+i0(z) by a,+8, (it is 
known that 8,>0). Let d,(a, 6), d.(a, 6) be the greatest lower 
and least upper bounds of the function }°*:8,/ { (a,—x)*+8,"} 
in a<x<b. Then the distance between each consecutive 
pair of zeros of u(z) in a=x 3b (likewise for v(z)) is included 
between #/{u+d,(a, b)} and x/{u+d,(a, b)}. Theorem (II) 
implies theorem (1). I. M. Sheffer (State College, Pa.). 


Rajagopal, C. T. On periodic meromorphic functions. 

J. Indian Math. Soc. (N.S.) 9, 69-76 (1945). 

Standard forms of representation for periodic meromor- 
phic functions having (a) an arbitrary, (b) a finite number 
of poles in the period strip are derived from Mittag-Leffler’s 
theorem. As an application, a necessary and sufficient con- 
dition is stated under which (a) }°%.;22/(z2*—2,”) and (b) 
2'+ > 5.122/(2?—X,") is periodic. The remaining theorems 
are concerned with the zeros and poles in the period strip of 
a periodic meromorphic function. O. Helmer. 


Germay, R. H. J. Sur une application des théorémes de 
Weierstrass et de Mittag-Leffler de la théorie générale 
des fonctions. Ann. Soc. Sci. Bruxelles. Sér. I. 60, 190- 
195 (1946). 

If {a,} is a sequence of distinct complex numbers such 
that |a,| 7 «, and if with each a, there is associated a set 
w,™, ---,w,™, then there is an entire function ®(z) such 
that &”(a,)=w,”, k=0, 1, ---, ua; m=1, 2, ---. 

R. P. Boas, Jr. (Providence, R. I.). 


Pu, Pao-Ming. On the unified theory of meromorphic 
functions in the unit circle. Wu-Han Univ. J. Sci. 8, 
no. 1, 3.1-—3.14 (1942). 

Introducing the “infinite-type”’ of a meromorphic func- 
tion the author derives certain consequences of Nevanlinna’s 
theorems which both bear directly on the functions n(r, a) 
and are valid without exceptional intervals. 

L. Ahlfors (Cambridge, Mass.). 


Rogosinski, W. W. On the order of the derivatives of a 
function analytic in an angle. J. London Math. Soc. 20, 
100-109 (1945). 

L’auteur démontre le théoréme suivant. Soit f(z) une 
fonction réguliére dans l’angle A: 0< |z| <1, |argz| <gS-a; 
5(z) la distance de z a la frontiére de A; E,, 0<p<1, 
ensemble des valeurs de f pour z dans A et 0<|z| <p, 
E,’ Vadhérence (closed cover) de E,, E et E’ les limites de 
E, et E,’ quand p tend vers zéro. Si E excepte deux valeurs 
finies et si, pour la suite z, tendant vers 0 dans A, f(z,) tend 


vers un point frontiére de E ou de E’, alors 5*(z,) f®(s,)—0.- 


L’auteur montre par des exemples que les conditions ci- 
dessus ne peuvent pas étre améliorées; il donne plusieurs 
extensions immédiates et développe plusieurs cas particu- 
liers intéressants. I] fait remarquer que le théoréme ci-dessus 
est couvert dans certains cas par un résultat de Seidel et 
Walsh [Trans. Amer. Math. Soc. 52, 128-216 (1942); ces 
Rev. 4, 215] relatif aux plus grands disques de centre donné 





du domaine riemannien d’une fonction réguliére dans le 
cercle unité. R. de Possel (Alger). 


von Koppenfels, Werner. Konforme Abbildung ausge- 
zeichneter Kreisbogenvierecke. (Algebraische Lésungen 
der Lamé’schen Gleichung.) S.-B. Math.-Nat. Abt. 

Bayer. Akad. Wiss. 1943, 327-343 (1944). 

The author studies the conformal mapping of a half-plane 
on a curvilinear quadrangle with angles 42, $2, $x, mx 
(m=1, 2, ---) when the sides of this quadrangle are arcs of 
circles and the two sides making the angle mz are arcs of 
the same circle. In the simplest case (m=1) we have the 
mapping (1) yo= {(x*—1)/(x'+-1)}! and in the general case 
essentially a function of the form 


m—1 


y=oll { (90? —a,*)/(1—a,*y07)}, 


where yo is given by (1) and the constants a, satisfy certain 
relations. It is shown that this conformal representation is 
equivalent to the division problem of Weierstrass’s elliptic 
function and that the function which describes the mapping 
is the quotient of two algebraic Lamé functions. There is 
also a full discussion of the simplest nontrivial cases, m = 2, 3. 


A. Erdélyi (Edinburgh). 


Grunsky, Helmut. Uber die konforme Abbildung mehr- 
fach zusammenhiangender Bereiche auf mehrblattrige 
Kreise. II. Abh. Preuss. Akad. Wiss. Math.-Nat. KI. 
1941, no. 11, 8 pp. (1941). 

[For part I see S.-B. Preuss. Akad. Wiss. 1937, 40—46. ] 
The author gives a simple proof of the following theorem 
stated by Riemann and proved by Bieberbach (other proofs 
were given subsequently by Grunsky and Courant). A plane 
region G of finite connectivity »+1, none of whose bound- 
ary components reduces to a point, admits a (1,#+1) 
directly conformal map onto the half-plane R(w) >0; if the 
boundary components of G are Jordan curves, there exists 
a mapping of the admitted type for which an arbitrary 
assigned point of each component of the boundary is an 
antecedent of w= © ; so normalized, the mapping is deter- 
mined up to a linear transformation of R(w) >0 onto itself. 
The basic ideas of the proof are (1) to reduce the problem 
to the case where the boundary components of G are ana- 
lytic Jordan curves, (2) to establish the existence of single- 
valued harmonic functions u (k=0,1, ---,#) in G which 
are nonnegative in G and vanish continuously on the bound- 
ary of G save at one of the preferred points ¢; (corresponding 
to the index k) in the neighborhood of which ~™ has a 
specified character, (3) to establish the existence of a linear 
combination u=) tok. of the “ with strictly positive 
constant coefficients \, such that the periods of the conju- 
gate of u all vanish. The proof of (3) is based on a lemma 
concerning linear transformations whose coefficients are sub- 
ject to restrictions which correspond to the nature of the 
periods of the conjugates of the “. The resulting proof of 
the Riemann theorem has a linear character. 

M. Heins (Providence, R. I.). 


Wirtinger, Wilhelm. Zur Theorie der konformen Abbil- 
dung mehrfach zusammenhingender ebener Fiiachen. 
Abh. Preuss. Akad. Wiss. Math.-Nat. KI. 1942, no. 4, 
9 pp. (1942). 

The author shows how the theorem treated in Grunsky’s 
paper reviewed above may be studied with the aid of ideas 
due to F. Schottky and the theory of algebraic functions. 
Related results are also given. M. Heins. 
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Schiffer, Menahem. Hadamard’s formula and variation of 
domain-functions. Amer. J. Math. 68, 417-448 (1946). 
The author generalizes the variational method introduced 

in his earlier paper [same J. 65, 341—360 (1943) ; these Rev. 

4, 215] and applies it to various extremal problems in the 

conformal mapping of simply and multiply connected 

domains. 

First, assume that D is a domain bounded by finitely 
many analytic curves C;, ---, C,. Let 2 be a fixed finite 
point of D and write 2* =2z+e**p’/(z—z), p>0, OS¢<2z. 
This mapping transforms |z—2z|=p into the segment 
Zot+xpe*, —2SxBS2, and it is schlicht in |z—2z9| >p. If p is 
small enough, the curves C, are transformed into neighbor- 
ing analytic curves C,* which bound a domain D*. Let 
g(z; ¢) be the Green’s function of D, g*(z; ¢) the correspond- 
ing function of D*, and write g(z;¢)=R{p(z; £)}, where 
p(z; £) is an analytic but not necessarily single-valued func- 
tion of z in D. The author shows that 

g*(2*; 5*) =e(2; S) +R p*p’ (20; 2)p’ (20; £)} +0(6*). 

Since a general domain D can be approximated by domains 

bounded by analytic curves, and since in any closed subset 

of D the Green’s function of the approximating domain 
converges uniformly to the Green’s function of the general 
domain, the variational formula is valid without restriction. 

If the boundary C of D is smooth, the above variation may 

be expressed in the form of Hadamard’s classical formula. 

The same method gives the variation of more general 
domain-functions which have certain properties in common 
with the Green’s function. If D is bounded by m proper 
continua, let f,,(z; ¢) map D on the exterior of the unit circle 
slit along m»—1 concentric circular arcs such that C,, corre- 
sponds to the unit circumference and ¢ to «. Then 
ym(z; ¢)=log | fn(z;¢)| is an example of a domain-function 
for which the above formula is valid. 

In the remainder of the paper the method is applied 
to various extremal problems. For example, if f(z)=2z+4a 
+a,/z+--- is schlicht in |z|>1, this function transforms 
an arc on |z| =1 of length a@ into a continuum with trans- 
finite diameter d=sin? }a. In the final section of the paper, 
the author studies how the variation of elementary integrals 
on a Riemann surface depends upon the variation of the 
surface. D. C. Spencer (Stanford University, Calif.). 


Schiffer, Menahem. On the modulus of doubly-connected 

domains. Quart. J. Math., Oxford Ser. 17, 197-213 (1946). 

If D is a doubly-connected domain bounded by two non- 
degenerate continua C, and C,, it is always possible to map 
D conformally in a one-to-one manner on an annulus 
1<|¢|<M. The number M=M(C,, CG), a characteristic 
constant of D, is called the modulus. The author, using his 
variational method [Amer. J. Math. 65, 341-360 (1943) ; 
these Rev. 4, 215], proves the following results.~(I) Let 
B, and B, be a pair of arcs on |z| = 1 bounding a domain D 
of modulus m(B,, B:). Every conformal representation of 
|z| >1 onto a simply-connected domain = transforms B, and 
B; into a pair of continua B, and B, bounding a domain A of 
modulus M(B,, B.) such that log M(B,, B,) =2 log m(B,, Bz). 
There is equality only if 2 is mapped on an annulus cut along 
a radial segment when the domain A, bounded by B, and B,, is 
mapped upon this annulus. (II) Let &, (»=1, 2, 3, 4) be four 
points in the ¢-plane and let B, and B, be two continua such 
that &, feB, and £3, &eBs. Write x(f)=(¢—&) --- (6 —&), 


t 
u(f) = J {x(¢)} "de. 





Continua B, and B; which maximize the modulus M(B,, B2) 
are analytic curves in the {-plane connecting & with & and 
€; with £, and these curves are mapped by the elliptic inte- 
gral u(f) on parallel straight lines. D. C. Spencer. 


Golusin,G. Method of variations in the theory of conform 
representation. Rec. Math. [ Mat. Sbornik] N.S. 19(61), 
203-236 (1946). (Russian. English summary) 

[A more accurate translation of the Russian title is 
“Method of variations in conformal mapping. I.” ] The 
author proves the following theorem concerning varia- 
tions of functions z= f(¢), f(0)=0, which are regular and 
schlicht in |f| <1. Let 2*=F(¢, 4) be regular as a func- 
tion of ¢ and Xd for |A| <Ao, r=l| | <1, and for each 
A, O<A<Ao, let z* = F(¢, A) be schlicht in r=|¢| <1. More- 
over, suppose that for all small \ and ¢ in r=|{| <1 we have 
FS, )) =f) +Ag) +00") (in particular, Ff, 0) =f(s)). 
Let D* be the simply-connected domain obtained by adding 
to the image of the ring r=|{| <1 by .2*= F(f, d) the inte- 
rior of the image of |{|=r and let 2*=f*(¢), f*(0)=0, 
map |f|<1 on D*. Then f*(f)=f(f) +0) —MS/' OSE) 
+r f’(¢)S(1/F) +002), where S(¢) is the sum of terms in- 
volving negative powers of { in the expansion of g(¢)/(¢f’(¢)) 
in the ring r< |¢| <1. 

Let D be the domain in the z-plane which is the image of 
|¢| <1 by z=f(f). To apply the theorem, we choose some 
function s* =z+g(z) which is regular in a neighborhood of 
the boundary of D and set 2* = F(f, 4) = f(f) +Ag(f(g)). For 
example, if we take s* =z+dz)_2.1A;/(2—2), where 2, - - -, 2, 
are interior to D, the resulting variation is that given by 
M. Schiffer [Amer. J. Math. 65, 341-360 (1943); these 
Rev. 4, 215]. 

The theorem is proved by writing f=¢' exp { >%1\"¢,(¢")} 
and determining ¢,({’) (v=1, 2, ---) such that (I) 9¢,(f¢) is 
regular in rS|¢’|S1/r; (I]) Riye.(¢’)} =0 on || =1; 
(III) |2.1"¢,(¢’) converges uniformly in rS|¢’| S1/r for 
all sufficiently small \; (IV) F(¢’ exp {[%1\"¢,(¢’)}) is reg- 
ular in |¢{’| <1 and equal to zero for ¢’=0, provided } is 
a sufficiently small positive number. 

In the latter half of the paper the author applies his 
method to obtain differential equations satisfied by various 
extremal functions. D. C. Spencer. 


Golusin, G. On distortion theorems and coefficients of 
univalent functions. Rec. Math. [Mat. Sbornik] N.S. 
19(61), 183-202 (1946). (Russian. English summary) 
Let = be the class of functions F(¢) ={+-a9+a:/f+--- 

which are schlicht and regular in |¢| >1 except for a pole 
at {= ~ and let S be the class of functions f(z) =2+-c@2*+ - -- 
which are schlicht and regular in |z| <1. The author proves, 
among others, the following results. (1) For F(g)e= and 
any ¢; and { on the circumference |{| =p>1, 


| (FS) — F(S2))/Gi—f2) | =1-—e* 


with equality only for functions of the form F(¢) ={+e*/{+c, 
where a=arg {:+-arg {2 and ¢ is a constant. (2) For f(z)eS 
and any 2% and z on |z| =r, r<i, min (|f(z:)|, | f(e)|) 
S2r*/(|2,—2|(1—1r*)) (in the case 2 = —2, the bound is ex- 
act with equality only for f(z) =s/(1—e*z*), 8= —2 arg 2). 
(3) For f(z)eS and any = and % on |z| =r, r<1, 


| | f(x) +f (ea) | — | fle.) — fea) | | S4r*/(|21—22| (1—-*)) 


(if z= —z, the bound is exact with equality as in (2)). 
(4) If f(z)eS, | |Cn4a| - |cn| | Scent log n (n=2, 3, 2 ay -)s 
where c is an absolute constant. If f(z) maps |s| <1 on a 
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star-like domain, then | |¢.s:| —!c,| |e (c<100). (5) If 


f(z)eS and one of the two inequalities |c, sin 6n| <cn*, , 


\c, cos Bn| <cn* is valid for n=2, 3, ---, where a, 8B and ¢ 
are independent of n, OSa=1, 0<8<z, then |c,| <c’n*, 
where c’ depends only on a, 8, c. (6) If f(z)eS, then 
—1s|ces| —|a@| SQ=1.05 ---, equality being attainable on 
either side. Here 

2(m—1) 

4™m! 
D. C. Spencer (Stanford University, Calif.). 





Q=14+5 {(m—1)"-*—4(m—2)"}. 


Biernacki,M. Sur les domaines couverts par des fonctions 
multivalentes. Bull. Sci. Math. (2) 70, 45-51 (1946). 
The author proves the following generalization of Koebe’s 

theorem. Let w=f(z)=2°+a,,:27"'+--- be regular and 

p-valent in |z| <1, where p is a positive integer. Then 
w= f(z) takes in |z| <1 every value w of the circle |w| <}. 

The only functions f(z) which omit some value w, |w| =}, 

have the form f(z) =2°(1—e%z*)~*, y real. The proof is a 

generalization of the one given by E. Schmidt in the case 

p=1; it differs from Schmidt's proof in the explicit use of 

Lindeléf's principle of subordination to characterize the 

extremal functions. D. C. Spencer. 


Biernacki,M. Sur les fonctions en moyenne multivalentes. 

Bull. Sci. Math. (2) 70, 51-76 (1946). 

Let f(z) be meromorphic in a domain D. Let n(Re*) 
denote the number of roots of the equation f(z)=a+Re* 
(R20, # real) in D and write p(R) = 4071 f{=.n(Re*)d®. The 
author calls f(z) mean p-valent in D with center a if p(R)=p 
for all R20, where p is a fixed positive number, and 
he calls f(z) p-valent in area in D with center a if 
So®p(R)d(xR*)SprR? for all R2=O (functions of the latter 
class were studied by the reviewer under the name of mean 
p-valent functions). 

The author supposes that p is a positive integer and con- 
siders functions of the above classes which are regular in 
0<|z| <1 and of one of the two forms 


f(z) =2? +ay4:2"4'+---. 


Properties of p-valent functions are extended to these wider 
classes. Among others, the following results are obtained. 
(1) If g(z) =2-*+a9+---+a,2"+--- is regular in 0<|z| <1 
and univalent in area with arbitrary center, then 


| g’(z) | S1/{ |2|2(1—|2|*)}. 


(2) If g(z) =2-° +-a_,4:2°**' + - - - is regular and nonvanishing 
in 0< |z| <1 and mean p-valent there with center zero, then 
|@_»41| 2p, |@_p42| =p(2p—1) (the bounds being precise). 
(3) If f(¢)=2+a.2*+--- is regular and univalent in area 
with center zero in |z| <1, then the values of w= f(z) in 
|z| <1 cover a circle with center at w=0 and radius K, 
where K >} (this is an improvement of the reviewer’s esti- 
mate K >#). 

It seems to the reviewer that several of the area formulas 
(including the area principle) used by the author can be 
subsumed under the identity 


d 1 . 2 

r= — f Gi\sire)|\de= f e(RdL-P¢, RI, 

dr 2x -9 0 

G’(R) =g(R)/R, where p(r, R) refers to the image of |z| <r 
by f [Spencer, Amer. J. Math. 65, 147—160 (1943); these 
Rev. 4, 137]. D. C. Spencer. 


g(z) =? +a_5412 7 t+ see, 





Atkins, H. P. On fractional derivatives of univalent func- 

tions. Bull. Amer. Math. Soc. 52, 1060-1064 (1946). 

If f(z) =2+-a22*+ ---+a,2"+--- is univalent for |z| <1, 
upper bounds for the moduli of the fractional derivatives 
f@ (2) of any order a are given. These follow, in a natural 
way, from the definition of a fractional derivative and from 
the known bounds for the ordinary derivatives f(z) 
[F. Marty, C. R. Acad. Sci. Paris 194, 1308-1310 (1932) ]. 
The estimates are best possible if a=3; for a>3 they are 
best possible provided that the conjecture |a,| =n is true. 

W. W. Rogosinski (Newcastle-upon-Tyne). 


Kveselava, D. The Riemann-Hilbert problem for multiply 
connected regions. Bull. Acad. Sci. Georgian SSR 
[SoobSéenia Akad. Nauk Gruzinskoi SSR] 6, 581-590 
(1945). (Georgian. Russian summary) 

The problem is to find a function f(z) = u(z)+70(z), holo- 
morphic in the region S and continuous in the closed region 
S+L, under the boundary condition a(t)u(t) — b(¢)0(t) =c(t) 
on L, where a(¢), b(¢), c(t) are given real functions satis- 
fying a Hélder condition on L and a(t)?+d(t)?#40. The 
region S is bounded by simple closed nonintersecting curves 
Io, In, ---, Ly, of which the first encloses the others; 
L=In+---+L,. The curve Ly may be absent and then S 
is infinite. Necessary and sufficient conditions are given for 
the solubility of the problem. With the help of these condi- 
tions, the author investigates singular integral equations 
with kernels of Cauchy type, by means of which the bound- 
ary problem can be solved. From the author's summary. 


Lavrentiev, M. The general problem of quasi-conformal 
mappings of plane regions. Rep. [Dopovidi ] Acad. Sci. 
Ukrainian SSR no. 3-4, 3-10 (1946). (Ukrainian and 
English) 

Replace the Cauchy-Riemann equations of conformal 
mapping by two quite general relations 


i=1, 2. 


The problem is to find one-to-one maps of one region D onto 
another A by functions u= u(x, y), v=v(x, y) satisfying (1). 
Under conditions on (1) which the author terms strong 
ellipticity, it is stated that there exists a one-parameter 
family of such maps from an infinite strip between two 
sufficiently smooth curves to a parallel strip, and at least a 
three-parameter family of maps from one simply connected 
region to another. Certain extremal properties are men- 
tioned, but the reviewer was not able to grasp their signifi- 
cance. No proofs are indicated. L. Ahlfors. 


(1) (x, y; U, UV, Uz, uy, Uz, Vy) =0, 


Volkoviski, L. I. On the problem of type of simply-con- 
nected Riemann surfaces. Rec. Math. [Mat. Sbornik ] 
N.S. 18(60), 185-212 (1946). (Russian. English sum- 
mary) 

Aprés avoir donné une démonstration trés rapide du 
principe de Grétzsch concernant la somme des rapports des 
c6tés des rectangles dont la réunion est représentée sur un 
“rectangle curviligne’’ G, et dont chaque partie est repré- 
sentée sur une partie de G, l’auteur en tire une démon- 
stration de la condition d’Ahlfors pour qu’une surface de 
Riemann soit du type parabolique. Il donne ensuite une 
condition pour que la surface soit du type hyperbolique. 
Des conditions sont alors données pour qu’un collage soit 
du type parabolique on du type hyperbolique. Plusieurs 
applications sont données surtout pour reconnaitre le type 
d’une surface de Riemann. S. Mandelbrojt (Paris). 





an 


2; 
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Teichmiiller, Oswald. Beweis der analytischen Abhingig- 
keit des konformen Moduls einer analytischen Ring- 
flichenschar von den Parametern. Deutsche Math. 7, 
309-336 (1944). 

Suppose that the equation of a torus in 3-space depends 
analytically on parameters p;, ---, p,. Each torus can be 
mapped conformally onto a parallelogram with identified 
sides, the ratio 2D=Q(p,, - 
the surface. The author wishes to prove that @ is an analytic 
function of the parameters. More conveniently he chooses 
a quadratic form ds*= Edx*+2Fdxdy+Gdy with doubly 
periodic coefficients which are analytic functions of x, y, 
and the parameters p. The mapping function z—Z sat- 
isies Z(z+1)=Z(z)+1, Z(z+w)=Z(z)+2 and trans- 
forms ds* into \|dZ|*. As in an earlier paper the author 
writes ds*=A|dz|*+R(Hdz*), where A=}(E+G) and 
H=}(E—G)+4PF. 

It must first be proved that © is differentiable with respect 
to one of the parameters, say ». Assuming that the deriva- 
tive Q, exists, it is seen to be given by 2,= —iffpBdxdy, 
where P is a period-parallelogram and B=H,/A. Then Z, 
is found to satisfy 09F/dz=f with F=Z,—(2,/3w)y, 
f=}(B—i2,/3w). As a necessary condition it follows that 
SSpfdxdy =0. The solution of 8F/dz=f is clearly determined 
up to an analytic function which, being bounded, must 
reduce to a constant. It is shown that F(z) can be deter- 
mined by means of a singular kernel K(z, zo), 


Fis) =3 f f K(z, 20) f(zo)dsxedyo 


. 


P 
and after fixing the constant one obtains 


£p= (0,/Su)y+(2m)- f f R(s, 12) {B(20) —i02,/Suo}dxadyo. 
P 


The proof of the differentiability is much more delicate. 
Here the author has to use his method of quasi-conformal 
mapping in an essential way. 

There follows a discussion of the conditions under which 
2 and Z are analytic functions of the complex parameter 
x= p+iq formed by a pair of real parameters. The explicit 
condition is 87 /d#=0, where T= H/(A+(A?— | H|*)!). This 
is important because it may pave the way for the represen- 
tation of a surface of genus g>1 by 3(g—1) complex param- 
eters rather than by 6(g—1) real ones. It also permits the 
author to complete his proof by introduction of new pa- 
rameters g:, ---,@, in such a way that the solution will be 
analytic in p;+iq;. The results are finally applied to a con- 
crete family of tori in space. L. Ahlfors. 


Teichmiiller, Oswald. Ein Verschiebungssatz der quasi- 
konformen Abbildung. Deutsche Math. 7, 336-343 
(1944). 

In this paper the author discusses a problem of extremal 
quasi-conformal mapping in which the boundary points are 
supposed to remain fixed. More specifically, the problem is 
to map the unit circle into itself so that each point of the 
circumference corresponds to itself and the point s=0 is 
carried into z’= —p. Under these conditions the maximum 
of the dilatation coefficient is to be made a minimum. After 
preliminary conformal mappings the solution is obtained as 
an affine transformation carrying one ellipse into another. 
The proof of the extremal property is based on Schwarz’s 
inequality and follows the usual pattern. L. Ahlfors. 


-+, P,) serving as a modulus for ° 





Teichmiiller, Oswald. Verinderliche Riemannsche Flichen. 

Deutsche Math. 7, 344-359 (1944). 

The conformal type of a closed Riemann surface of genus 
g depends on r=0, 1 or 3(g—1) complex parameters, the 
two first cases occurring for g=0 and g=1. If stated with- 
out reference to a definite topological space this has no 
meaning. The author wishes to prove that the statement 
can be given a definite sense by showing that the space 
of conformal types can be represented as a 7r-dimensional 
analytic manifold. The problem is easier to handle if the 
equivalence is restricted to conformal mappings of a given 
topological class. More precisely, let Hy be a fixed surface, 
H a variable surface and T a topological map of Hy onto H. 
Then the couple (H, T) is an element of the space ® if and 
only if H can be mapped onto Hy by a conformal transfor- 
mation S such that 7S! can be deformed into the identity. 

Let P be an r-dimensional complex analytic manifold. 
To each point peP with the local coordinates fy, ---, p, is 
assigned a Riemann surface H(p) of fixed genus g; a point t 
of this surface is determined by a local parameter t. The 
couples (p, t) shall again constitute an (r+1)-dimensional 
complex analytic manifold M with distinguished coordinate 
systems (f:, ---, ~,, t) amy two of which are connected 
by relations p;/=f(pi, ---, pr), t’=g(pr, ---, pr, t), with 
| dp.’ /dp;| #0, dt’/dt0. It is possible to assign topological 
transformations 7(p) to the surfaces H(p) so that they 
depend continuously on p; in the large, it may be necessary 
to step up to a covering manifold of P. As his main result 
the author proves the existence of a manifold M of dimen- 
sion r+1 such that one and only one H(p) is equivalent to 
a given topologically fixed surface of genus g, i.e., to an 
element of R. The proof depends on concrete realization of 
the Riemann surfaces and variations of the branch-points. 

L. Ahlfors (Cambridge, Mass.). 


Teichmiiller, Oswald. Einfache Beispiele zur Wertver- 

teilungslehre. Deutsche Math. 7, 360-368 (1944). 

This is a discussion of simply connected Riemann surfaces 
whose ramification outside of a compact kernel is periodic. 
A general procedure for determining such surfaces is given 
together with theorems describing the distribution of values. 
The surfaces are all of parabolic type. In some special cases 
explicit expressions for the mapping functions are found. 

L. Ahlfors (Cambridge, Mass.). 


Teichmiiller, Oswald. Skizze einer Begriindung der algeb- 
raischen Funktionentheorie durch Uniformisierung. 
Deutsche Math. 6, 257-265 (1941). 

This paper gives a sketch of the theory of functions and 
differentials on a closed abstract Riemann surface. The 
principal tools employed are the notion of universal cover- 
ing surface, the fundamental mapping theorem for simply- 
connected Riemann surfaces and the Poincaré series asso- 
ciated with a Fuchsian group. The exposition is divided into 
three parts: the existence of nontrivial functions on the 
surface, existence theorems for Abelian differentials, and the 
Riemann-Roch theorem. This theorem plays a central role 
in the author’s development. M. Heins. 


Deuring, Max. La teoria aritmetica delle funzioni alge- 
briche di una variabile. Univ. Roma e Ist. Naz. Alta 
Mat. Rend. Mat. e Appl. (5) 2, 361-412 (1941). 

A report on lectures in which a detailed account of the 
state of the theory of algebraic functions is given as of the 

spring of 1941. O. F. G. Schilling (Chicago, Ill.). 
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Giambelli, Giovanni. Esempi di funzioni di » variabili 
complesse. Atti Accad. Peloritana. Cl. Sci. Fis. Mat. 
Biol. (2) 5(42), 111-129 (1940). 

Die Arbeit ist eine elementare Einfiihrung in die Theorie 
der Funktionen mehrerer komplexen Veranderlichen, ohne 
neuere Ergebnisse zur Theorie beizutragen. P. Thullen. 


Hua, Loo-Keng. Geometries of symmetric matrices over 
the real field. I. C. R. (Doklady) Acad. Sci. URSS 
(N.S.) 53, 95-97 (1946). 

The space under consideration is the projective space of 
real symmetric matrices of degree »=2. The following 
theorem is outlined [using the terminology of the author’s 
paper in Trans. Amer. Math. Soc. 57, 441-481 (1945); these 
Rev. 7, 58]. Every automorphic mapping of the projective 
space of symmetric matrices keeping arithmetic distances 
invariant is a proper or improper symplectic transformation. 
This theorem implies one proved in the paper referred to, 
from which it differs by the suppression of three conditions. 
(A symplectic transformation T is proper or improper, 
respectively, if in TX’ = +F the upper or lower sign holds.) 

H. Rademacher (Philadelphia, Pa.). 


Hua, Loo-Keng. Geometries of symmetric matrices over 
the real field. II. C. R. (Doklady) Acad. Sci. URSS 
(N.S.) 53, 195-196 (1946). 

[For part I see the preceding review. ] 

A (proper or improper) symplectic matrix T is called a 
(proper or improper) involution of the first or second kind, 
respectively, if T*= +‘. Normal forms of involutions are 
stated. With a fixed involution 3 the geometries under the 
group I'(3) of those symplectic T for which TZ = +3T are 
classified. No proofs are given. H. Rademacher. 


Hua, Loo-Keng. Automorphism of real symplectic group. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 53, 303-306 
(1946). 

Using the results of the papers reviewed above the author 
gives an outline of a proof for the following theorem. Let = 
be the group formed by all real symplectic matrices, proper 
and improper. Any automorphism of the group = is an 
inner one. The salient point of the proof is a reduction to a 
mapping of the projective space of symmetric matrices onto 
itself. H. Rademacher (Philadelphia, Pa.). 


Hua, Loo-keng. Geometries of matrices. Acad. Sinica 
Science Record 1, 263-267 (1945). 
Brief abstract of the author’s papers in Trans. Amer. 
Math. Soc. 57, 441-481, 482-490 (1945); these Rev. 7, 58. 
H. Rademacher (Philadelphia, Pa.). 


Hua, Loo-keng. The theory of automorphic functions of 
a matrix variable. Acad. Sinica Science Record 1, 303- 
305 (1945). 

Sketch of a theory which the author has developed in 
detail in Amer. J. Math. 66, 470-488, 531-563 (1944); these 

Rev. 6, 124. H. Rademacher (Philadelphia, Pa.). 


Min, Szu-hoa. A generalized theory of vectorial modular 
forms of positive dimensions. Acad. Sinica Science Rec- 
ord 1, 313-318 (1945). 

The author refers to an unpublished manuscript of Hua 
in which the theory of modular forms of positive dimen- 
sions, developed by Zuckerman and the reviewer, is extended 





to vectorial modular forms. By a vectorial modular form of 
dimension r is meant a vector V(r)=(fi(r), ---, fa(r)) of 
functions of the complex variable 7 regular in the upper 
r-half-plane such that V(r) satisfies for the modular substi- 
tutions a functional equation 





(=) = (—i(cr+d))~ V(r) Mia, b, c, d), 
cr+d 

where Yi(a, b, c, d) is a matrix of degree n, independent of r. 
The author gives a short sketch of a further generalization. 
He admits finitely many poles in the fundamental region 
of the modular group. His theory is a generalization of 
Zuckerman’s [Amer. J. Math. 62, 127-152; these Rev. 1, 
214] and seems to follow Zuckerman’s arguments closely. 
The paper does not contain any detailed proofs. 

H. Rademacher (Philadelphia, Pa.). 


Bourion, G. Sur la ramification des fonctions quasi ana- 
lytiques (P). Bull. Sci. Math. (2) 69, 191-196 (1945). 
Quasianalytic classes (P) of Bernstein type are considered 

on a continuum. Such classes are defined by a sequence of 

exponents {m}, corresponding to the “best” best approxi- 
mation by polynomials. If fe(P) it might be continued 
quasianalytically, if it is considered as belonging to a class 

(P)’ which corresponds to a subsequence of the sequence 

{m,.}. Different subsequences lead generally to quasianalytic 

continuation on distinct continua. It is also possible to have 

distinct continuations on the same continuum, if the corre- 
sponding subsequences of {m,} are distinct. 
S. Mandelbrojt (Paris). 


Differential Equations 


EliaSvili, A. The application of matrix calculus to the inte- 
gration of systems of differential equations in the investi- 
gation of transient processes in electrical communication 
lines. Bull. Acad. Sci. Georgian SSR [Soob3tenia Akad. 
Nauk Gruzinskoi SSR] 6, 255-262 (1945). (Georgian 
and Russian) 

This is a standard treatment by matrices of the problem 
in question, the solution of the equation F(D)y=g(t), 
D=d/dt, where F is a matrix whose terms are polynomials 
of degree at most two and y and g(t) are column vectors. 

S. Lefschetz (Princeton, N. J.). 


Gradstein, I. S. On behaviour of solutions of systems of 
linear differential equations degenerating in the limit. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 53, 391-394 
(1946). 

The author proves a theorem, too long to state here, on 
the behavior as e—0 of the solutions of systems of the form 
(Ao+A,D-+ --- +A,D*)(1+B,(eD)+ --- +B, (eD)")y = @, 
where Ao, ---, Ag, Bi, --+, Ba are constant matrices, 
D=d/dt, and y, @ are vectors. He gives conditions under 
which the solutions of the equation approach the solutions 
of the limiting equation (Ayp+A,D+---+A,D%)y=¢. 

R. Bellman (Princeton, N. J.). 


Aquaro, G. Sull’integrazione dei sistemi di equazioni 
differenziali lineari ordinarie. Atti Accad. Naz. Lincei. 
Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 715-719 (1946). 
This note gives a brief description of a method for solving 

a system of linear ordinary differential equations with an 
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associated system of linear boundary conditions of a very 
general form. The method, which appears to be essentially 
an extension of familiar methods, is based upon the use of 
a generalized Green’s function. L. A. MacColl. 


Mikeladze, Sch. E. Résolution des problémes limites au 
moyen de la formule généralisée de MacLaurin. C. R. 
(Doklady) Acad. Sci. URSS (N.S.) 52, 753-755 (1946). 
The author shows that every linear nonhomogeneous 

equation of the form y™ +X yy + ---+X,y=f(x), where 

the functions X,, ---, X, and f(x) are continuous, can be 
reduced to a Volterra integral equation of the second kind, 
if one knows the initial values at x=0, the points of jump 
discontinuity of the solution y and its n—1 derivatives and 
the magnitude of the jumps at these points. 

R. Bellman (Princeton, N. J.). 


Shtokalo, J. A stability and instability criteria for solu- 
tions of linear differential equations with quasi-periodical 
coefficients. Rec. Math. [Mat. Sbornik] N.S. 19(61), 
263-286 (1946). (Russian. English summary) 

The author establishes criteria for the boundedness as 
t—+ © of solutions of systems of differential equations of 
the form dy/dt=(A+«B(t))y, where A is a constant matrix, 
the elements of B are trigonometric sums, not necessarily 
finite, of the form > ,.c,e”=', where the /, need not be mutually 
commensurable and ¢ is a small parameter. The criteria are 
obtained by considering the formal transformation of the 
equation into an equation with constant matrix and apply- 
ing the Hurwitz determinantal criteria to the characteristic 
equation of the transformed equation. Some practical ex- 
amples are given showing that these criteria may be readily 
applied to any particular problem. R. Bellman. 


*Eckweiler, Howard J. Nonlinear differential equations 
of the van der Pol type with a variety of periodic solutions. 
Studies in Nonlinear Vibration Theory, pp. 4-49. _Insti- 
tute for Mathematics and Mechanics, New York Univer- 
sity, 1946. 

A study of the equation ¢+x=«F(z) by the perturbation 
method. A change of variables puts the condition which 
yields the amplitudes of the periodic solutions in the form 
of an Abel half-integral transform. The existence of an 
inverse to this transform shows that the amplitudes of the 
periodic solutions, as ¢ tends to zero, can be prescribed if 
F is chosen adequately. The method yields also a simple 
sufficient condition for the existence of infinitely many 
periodic solutions. It is expressed in terms of the oscillations 
of the indefinite integral of uF(u). Several examples are 
studied by graphical methods. F. Bohnenblust. 


*Flanders, D. A., and Stoker, J. J. The limit case of 
relaxation oscillations. Studies in Nonlinear Vibration 
Theory, pp. 50-64. Institute for Mathematics and 
Mechanics, New York University, 1946. 

The asymptotic behavior of the periodic solution of van 
der Pol’s equation #+¢(x*—1)¢+x=0 is studied as the 
parameter ¢ tends to infinity. A discontinuous solution had 
been suggested by van der Pol [Philos. Mag. (7) 2, 978-992 
(1926) ] for the case «= ©. In the present paper a rigorous 
proof is given that the periodic solution of the original 
equation tends to this discontinuous solution as the param- 
eter tends to infinity. The method is general enough to 
apply to equations of the type #+ef(x)z+x=0. 

F. Bohnenblust (Pasadena, Calif.). 





*Friedrichs, Kurt O. On nonlinear vibrations of third 
order. Studies in Nonlinear Vibration Theory, pp. 65- 
103. Institute for Mathematics and Mechanics, New 
York University, 1946. 

The existence of periodic solutions of a special nonlinear 
differential equation of order three is proved. The equation 
is obtained from an electric circuit involving a triode vacuum 
tube. It is represented as a velocity field in three dimensions. 
A torus is constructed with the property that the solutions 
passing through the points of the boundary enter the torus. 
The solutions passing through the points of a cross-section 
are shown to intersect this cross-section again at a later 
time. A fixed point theorem locates the periodic solution. 
Although the problem is a special one, the method used is 
of interest since there exists no general theorem which allows 
one to conclude the existence of periodic solutions in three 
dimensions. For certain values of the parameters entering 
in the equation the problem reduces to one of second order. 
A perturbation method is discussed which is of an asymp- 
totic character in the sense that asymptotic expansions are 
obtained instead of convergent series. F. Bohnenblust. 


* John, Fritz. On simple harmonic vibrations of a system 
with non-linear characteristics. Studies in Nonlinear 
Vibration Theory, pp. 104-192. Institute for Mathe- 
matics and Mechanics, New York University, 1946. 
Certain periodic solutions of the equation 

#+ f(x) = Fg(sin wt) | 

are studied. The functions f and g are analytic, strictly 
increasing, vanish at the origin and g is odd. A periodic 
solution is called harmonic if its period is equal to the 
period 2x/w of the disturbing force. It is simple if it admits 
no other extrema except one maximum and one minimum 
in the course of each period. It is of the first type if the value 
of the solution at +/2w (where the disturbing force assumes 
its maximum) is less than the value at 3x/2w (where the 
force is minimal). The amplitude M of a solution is the 
maximal value attained by the solution. The main results 
are as follows. To any given amplitude M>0, there exists 
one and only one frequency w such that the corresponding 
differential equation will admit a simple harmonic solution 
of the first type with the given amplitude (the resulting 
function w=w(M) is the resonance function). All of these 
solutions are strictly out of phase with the disturbing force 
in the sense that the displacement x reaches its minimum 
when the disturbing force is maximal and vice versa. A solu- 
tion is instable if the resonance function is increasing at the 
corresponding amplitude. F. Bohnenblust. 


Haag, Jules. Sur la synchronisation d’un systéme a 
plusieurs degrés de liberté. C. R. Acad. Sci. Paris 223, 
877-879 (1946). 

This note contains some observations on the theory of an 
otherwise linear dynamical system which is subjected to 
small perturbing forces. These forces are assumed to be 
functions of the coordinates, the velocities and the time 
and to be periodic with respect to the time. The considera- 
tions are based upon a certain transformation of variables 
which is of common use in such problems. 

L. A. MacColl (New York, N. Y.). 


Leonov, M. J. On quasi-harmonic oscillations. Appl. 
Math. Mech. [Akad. Nauk SSSR. Prikl. Mat. Mech. } 10, 
575-580 (1946). (Russian. English summary) 

The small oscillations of dynamical systems with one 
degree of freedom are often reducible to an equation 
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(1) G()2+(G+u())2+DWz= F(t), where y(?) is a friction 
coefficient. A further reduction may be made to the form 
(2) 2+2y¥(#)2+es=Q(¢). The author solves (2) by the 


relation ' 
z=cf(t, r) sin oft, +f S(t, r) sin g(t, r)Q(r)dr, 


where c, 7 are arbitrary parameters, ¢ satisfies the nonlinear 
integral equation 


@  &- f erdt+ f sin 2o(t, r)(ydt-+dp) 
and f is given by f=exp {—(p()+ (7) +J(t, 7))}. 
Jt, =f {¥dt+cos 2¢(t, r)(ydt+dp)}. 


The behavior of the free oscillations (Q =0) is discussed and 
likewise that of the forced oscillations when the second 
integral in (3) is several times smaller than the first with 
some approximate information regarding dying-down oscil- 
lations. S. Lefschetz (Princeton, N. J.). 


Volk, I. M. Periodic solutions of non-autonomic systems 
depending upon the small parameter. Appl. Math. 
Mech. [Akad. Nauk SSSR. Prikl. Mat. Mech.] 10, 559- 


574 (1946). (Russian. English summary) 
Consider the system 
(1) dx;/dt =X (x1, -**, Xn, pm, b), +=1, eor5 ms, 


where X; has the period T in ¢ and is holomorphic in the x; 
and meromorphic in g in G: a;=x,;5),;, |u| Sp. Upon pre- 
serving in each X; only the terms of lowest degree in uw there 
results a reduced system 


(2) dx? /dt = p™X (x;", +--+, xn°, t), 


The author discusses the following problem of boundary 
layer type. Suppose that for | ~| =p the reduced system (2) 
admits a periodic solution x°(y, t) = (x;°(u, t), ---, xn°(u, £)) 
which approaches x*(#) as u—0. Does the initial system 
(1) possess a periodic solution for all |u| =p’=p which 
again approaches x(t) as yw—-0, and this regardless of 
the omitted terms in the passage from (1) to (2)? A strong 
sufficiency condition is given under the assumption that 
xP(u, t) = p™x,*(y, t), where m; is a nonnegative integer and 
x;*(0,2)#0 and is bounded. An application is made to 
boundary layer problems. 

The following example may give some indication of the 
scope of the results obtained. Consider the equation 


(3) pd?*x/d? =ax+bdx/di—sin t+pF(u, x, dx/dt, t), 


where F is a series in positive powers of yu, x, dx/dt whose 
coefficients are periodic with period 2” in ¢. The reduced 
equation ax*+ bdx®/dt—sin t=0 has the periodic solution 


i=1,-++,m. 


asin t—bcost 
a*+b* 


Then (3) has, for all || sufficiently small and 60, a 
periodic solution very near (4). When b=0 such a solution 
exists only for .=0 if a>0 and uO if a<0. [On these 
questions see also Friedrichs and Wasow, Duke Math. J. 
13, 367-381 (1946); these Rev. 8, 272. Their general results 
and those of Volk appear to be quite distinct. ] 

S. Lefschetz (Princeton, N. J.). 


(4) x° = 





Proskuryakov, A. P. Characteristic numbers of the solu- 
tions of differential equations with periodic coefficients. 
Appl. Math. Mech. [Akad. Nauk SSSR. Prikl. Mat. 
Mech.] 10, 545-558 (1946). (Russian. English sum- 
mary) 

Investigation of an equation reducible to a Mathieu-Hill 
equation 
@2/d¢’+K(¢, u)z=0, 


where K is an ascending series in positive powers of » con- 
vergent for |u| <r and all g, and is periodic in g. The 
parameter y is assumed small and the characteristic expo- 
nents are estimated. The general method is that of G. W. 
Hill, using infinite determinants. Stability is investigated 
and an application is made to the vibrations of the blades 
of the rotor of a helicopter. S. Lefschetz. 


Sokolov, A. A. A criterion of stability for linear systems 
of regulation with distributed parameters. Engineering 
Rev. [Akad. Nauk SSSR. InZenerny! Sbornik] 2, no. 2, 
3-26 (1946). (Russian. English summary) 

Generally in regulators of modern turbines there occurs 

a long steam or oil pipe L. A suitable and satisfactory 

mathematical representation is by means of a mixed system 

of ordinary and partial differential equations. The author 
applies the general Heaviside method to investigate in cer- 
tain cases the small oscillations caused by the fluid in the 
pipe L and also the related stability questions. He finds that 
the results thus obtained are in closer accord with the 
recorded facts than had been obtained by previous methods. 
S. Lefschetz (Princeton, N. J.). 


Cinquini, Silvio. Sopra i problemi di valori al contorno per 
i sistemi di equazioni differenziali ordinarie. Ist. Lom- 
bardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 6(75), 195- 
210 (1942). 

This paper presents a new set of sufficient conditions for 
the existence of a solution of a system of ordinary differ- 
ential equations, satisfying prescribed conditions at various 
points of the interval aSx=b. (Cf. the author’s previous 
paper, Ann. Scuola Norm. Super. Pisa (2) 10, 127—138 
(1941); these Rev. 3, 240.] The system is supposed to be 
solved for the derivative of highest order of each dependent 
variable y; which occurs. If this order is v;, the values of ¥; 
(and of some of its successive derivatives) may be prescribed 
at points x =a,,;, where the total number of such prescribed 
values is v;. The conditions assumed cannot be given here, 
since the statement of the main theorem occupies nearly 
three pages. For the case of a system of linear homogeneous 
equations of the first order, these conditions imply that the 
system can be solved by successive solution of equations 
each involving only one unknown function. 

L. M. Graves (Chicago, IIl.). 


Marchente, Emma. Teoremi di confronto per problemi al 
contorno relativi a sistemi di due equazioni differenziali 
del primo ordine. Rend. Sem. Mat. Univ. Padova 12, 
81-88 (1941). 

This note contains several results relating to the compari- 
son of solutions of systems of differential equations. The 
following is typical of the theorems given. Let f(x, y, 2), 
g(x, ¥,2), o(x, ¥, 2), ¥(x, y, 2) be continuous in the region 
S: aSx5b, —e<y<4+0, —w<s<+oa. Let y=p(x), 
s=r(x) be a solution of the equations y’=/f(x, y, 2), 
2’ =g(x, y,2); and let y=x(x), z=p(x) be a solution of 
y’ = (x, y, 2), 2’=¥(x, y, 2). (Both solutions are sup- 
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posed to be defined in the interval J: a=x=b.) If f and ¢ 
satisfy Lipschitz conditions with respect to y, if g and y 
satisfy Lipschitz conditions with respect to z, if we have 
f(x, y; a) So(x, y, 22), g(x, Vy 2) =V(x, ¥2, z) for every x in I 
and for arbitrary y, 1, ¥2, 2, 21, 2, and if p(a)=2x(a) and 
r(b) Sp(b), then we have p(x) =x(x) and r(x) p(x) through- 
out the interval J. L.A. MacColl (New York, N. Y.). 


Lee, H. C. On the Hermitean operators in quantum 

mechanics. Chinese J. Phys. 6, 86-99 (1946). 

A discussion of the purely formal aspects of the algebra 
of ordinary differential operators, with some remarks on its 
relevance for quantum mechanics; the term “Hermitean’”’ is 
used to designate an operator which is simply coincident 
with its conjugate-transpose or formal adjoint. Some state- 
ments appear to be based on misconceptions. 

J. W. Calkin (Houston, Tex.). 


Ghosh, N. N. On some properties of complex operational 
matrices. Bull. Calcutta Math. Soc. 38, 96-100 (1946). 
Equations involving differential expressions in an n-dimen- 

sional complex vector space (also considered as a 2n-dimen- 

sional real space) are written in a matrix notation with the 
aid of special square matrices of order »+1. Coordinate 
transformations and the conditions for a contact transfor- 

mation are considered. W. Givens (Chicago, IIl.). 


Martinelli, Enzo. Sopra un teorema fondamentale della 
teoria dei sistemi di equazioni alle forme differenziali. 
Atti Accad. Italia. Mem. Cl. Sci. Fis. Mat. Nat. 14, 175- 
190 (1943). 

Soit S un systéme différentiel obtenu en annulant un 
certain nombre de formes différentielles extérieures. On sait 
que, d’aprés ce qu’on appelle le premier théoréme d’existence 
[E. Kahler, Einfiihrung in die Theorie der Systeme von 
Differentialgleichungen, Hamburger Math. Einzelschr., no. 
16, Teubner, Leipzig, 1934], par toute variété intégrale du 
systéme S a p dimensions, V,, il passe une variété intégrale 
et une seule 4 +1 dimensions, V,,:. Le théoréme exige 
que certaines conditions de régularité concernant les plans 
intégraux tangents 4 V, soient vérifiées. Dans le présent 
travail l’auteur donne une nouvelle démonstration de ce 
théoréme en se servant de la formule générale de Green- 
Stokes. Le point essentiel concernant la régularité des plans 
intégraux tangents A V, est soumis 4 une analyse détaillée. 

O. Boruvka (Brno). 


[ Pfeiffer, G. Sur les équations, systémes d’équations 

semi-hamburgeriens aux dérivées partielles du premier 

ordre a plusieurs fonctions inconnues. C.R.(Doklady) 
Acad. Sci. URSS (N.S.) 52, 747-748 (1946). 

Pfeiffer, G. Sur les équations, systémes d’équations 
semi-Lie-généralisés du rang p(i<p<k), de la classe 
g<mn-—1 aux dérivées partielles du premier ordre a 
plusieurs fonctions inconnues. C.R. (Doklady) Acad. 
Sci. URSS (N.S.) 53, 191-193 (1946). 

Pfeiffer, G. Sur les équations, systémes d’équations 
semi-Lie-généralisés du rang p(1<p<k) de la classe 
g=n—1 aux dérivées partielles du premier ordre a 
plusieurs fonctions inconnues. C.R. (Doklady) Acad. 

| Sci. URSS (N.S.) 53, 91-93 (1946). 

~ Let x1, «++, Xai Zi, ***, Sei Gr, «+ *, Cy De, respectively, inde- 

pendent variables, dependent variables and arbitrary con- 

stants. Let d2,/8xs=P.s and write the system of partial 








differential equations 


‘ ke 
TMP, 94 = Mit > M; P.,, g<n;t=1, ++, p<k, 


o=l or=l 
(i) , ‘ 
ENP, o1e=Nat ¥ NaPor, s=2,3,---,m—g. 
o=l oral 
The coefficients M and N are functions of x, ---, Xa; 
Zi, ***, Sk; Ci, ***, Cr; M, R, h, g, p are fixed integers. Assume 


that (1) admits a general integral of the form 


(2) Gi= Fi Pox, *° 


where ¢, are functions of x, z, c and F; are arbitrary func- 
tions. Let certain equations in (1) be solvable for the c’s: 


*» Po+s)> t=1,---,9, 


(3) Cj= W(X, Zp, P.s), j=l, as h, 


and let these values of c; be used in the other equations to 
eliminate the c;. This leads to one or a set of differential 
equations, which may not be linear in the P.»s, say 


(4) SeA%r, 2, Pas) =0, 


Equations (4) together with (3) are equivalent to (1), but 
if (4) is considered alone a solution of it, while of the form 
(2), in general contains ¢,’, ---, c’ and arbitrary constants 
1 Ye, °**. The present papers discuss a method of deter- 
mining the constants 7, y2, --~* so that the general solution 
of (4) reduces to the general solution of (1). The first paper 
treats the case p= 1; the second, the case 1<p<k, g<n—1; 
the third, the case 1<p<k, g=n—1. F. G. Dressel. 


v=1,---,m. 


‘ Kachrillo, L. Note sur le développement en série des 
solutions des équations différentielles du premier ordre. 
Ann. Univ. Lyon. Sect. A. (3) 4, 95-102 (1941). 

Kachrillo, L. Développement en série des solutions des 

+  systémes canoniques d’équations différentielles. Ann. 
Univ. Lyon. Sect. A. (3) 7, 30-45 (1944). 

Kachrillo, L. Calcul numérique des coefficients des 
monémes aux dérivées partielles. Ann. Univ. Lyon. 
Sect. A. (3) 8, 29-35 (1945). [MF 16289] 

If Xi, ---, Xs, F are analytic functions of x, - 

expressions 





**, Xhy the 


ri) oo? 
(x= +---+x—) F, n=1,2,---, 
Ox, Ox, 


are polynomials with numerical coefficients in the X;, F and 
their partial derivatives. The three papers investigate these 
polynomials, characterizing the monomials which appear 
effectively in them and describing rather elaborate pro- 
cedures for computing the individual coefficients. 

H. Levi (New York, N. Y.). 


Buzano, Piero. Interpretazione geometrica delle caratteris- 
tiche di un’equazione a derivate parziali del 1° ordine. 
Atti Accad. Italia. Rend. Cl. Sci. Fis. Mat. Nat. (7) 2, 
703-716 (1941). 

Etant donnée une équation aux dérivées partielles du 
premier ordre F(x;, 2, p;)=0,i=1, ---, ”, les systémes des 
valeurs des variables xj, z, p; satisfaisant 4 |’équation, qui 
dans l’espace S,4:(xi,2) représentent des couples point- 
hyperplan incidents, constituent une variété V,42 (de Segre) 
qui peut s’interpréter comme lieu de points dans l’espace 
de dimension (m+ 2)?— 1 de coordonnées homogénes wa = Ema 
(é, k=0, 1, ---, +1). Dans cette représentation |’auteur 
étudie, au point de vue géométrique, les caractéristiques 
(bandes caractéristiques selon l’auteur). B. Levi. 
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Rosenblatt, Alfred. On Cauchy’s problem for a system of 
two partial differential equations of the first order with 
two unknown functions. Actas Acad. Ci. Lima 9, 139- 
152 (1946). (Spanish) 

Il s’agit de conditions qui permettent d’affirmer I’unicité 
de la solution d’un systéme de la forme z, = f(x, y, 2, u, Zy, Uy), 
u,=g(x, ¥, Z, U, Zy, Uy), avec les conditions initiales 
2(0, y)= u(0, y) =0. Le mémoire contient beaucoup de fautes 
d’imprimerie et d'autres irrégularités de rédaction qui font 
difficile son interprétation en détail. B. Levi. 


Paolini, Bruna. Sul moto di una corda fissata agli estremi 
e soggetta a tensione variabile col tempo. Univ. Roma 
e Ist. Naz. Alta Mat. Rend. Mat. e Appl. (5) 4, 1-24 
(1943). 
The author considers the equation 


x? L(t) vex = Yu, 
(corresponding to a vibrating string with tension depending 
on the time), for the mixed conditions (0, ¢) = y(L, t) =0, 


y(x, 0) = f(x), yx, 0) =g(x). Separation of variables leads 
to the formal expansion 


0S2SL, t=0 


(1) y(x, ) = Xva(t) sin nax/L, 
n=l 

where y, is a suitable solution of the ordinary differential 
equation (2) ¥,”’ = —n*v*(t)y,. The author proves that the 
expansion (1) is legitimate under suitable regularity condi- 
tions. Equation (2) cannot be solved explicitly in general. 
A first approximation valid for “slowly varying’’ v(t) is 
obtained by taking, for the y, in (1), functions proportional 
to sin (0,,o-+- fo'v(t)dt). F. John (New York, N. Y.). 


Platone, Giulio. Integrazione della classica equazione 
delle onde cilindriche generalizzate mediante il metodo 
dei prodotti funzionali proiettivi. Univ. Roma e Ist. Naz. 
Alta Mat. Rend. Mat. e Appl. (5) 3, 28-36 (1942). 

The author solves the Cauchy problem for the inhomo- 
geneous wave equation 


Cu fu Hu } 

ax;? Ox = Ax? — Slee X» Ha 
with vanishing Cauchy data on a surface I’, using operator 
methods due to Fantappié [Rend. Circ. Mat. Palermo 57, 
137-195 (1933) ]. As in the classical formula of Volterra 
[see, e.g., Goursat, Cours d’Analyse, 4th ed., v. 3, Paris, 
1927, p. 164] the value of u at a point (xo, x1, x2) is expressed 
in terms of the derivative of an integral of f over the volume 
bounded by I and the characteristic cone at (xo, x1, x2). 
The author’s result differs from the classical formula in that 
the derivative is not taken with respect to the xo-coordinate 
of the vertex of the cone, but with respect to the angle of 
aperture of the cone. F. John (New York, N. Y.). 


Petrashen, G. Lord Rayleigh’s problem for surface waves 
on a sphere. C. R. (Doklady) Acad. Sci. URSS (N.S.) 
52, 757-760 (1946). 

The elastic equations of motion are solved exactly for a 
sphere whose surface is stress-free in terms of the spherical 
vectors described by the author in previous papers [e.g., 
same C. R. (N.S.) 46, 266-269 (1945); these Rev. 7, 16]. 
The amplitude of the solutions is found to decay exponen- 
tially as the distance from the surface of the sphere increases. 
The rate of decrease is a function of the ratio //R, where | 
is the order of the spherical vectors involved and R is the 





radius of the sphere. The transcendental equation deter- 
mining this function is solved approximately. 
H. Feshbach (Cambridge, Mass.). 


Zwirner, Giuseppe. Su una proprieta di media relativa alle 
equazioni lineari alle derivate parziali di tipo ellittico del 
secondo ordine con un numero qualsiasi di variabili. 
Rend. Sem. Mat. Univ. Padova 12, 22-29 (1941). 
Désignons par M(v), L(u) deux expressions linéaires aux 

dérivées partielles du second ordre, adjointes l'une de l'autre, 
M(0) = Seaver + > bwe,+cv; soit v(x, ---, Xm) (m>2) une 
solution de l’équation M(v)=g(x, ---, xm). Etant fixé un 
point (x?, ---, x2), appelons A, les coefficients adjoints des 
a‘: par rapport 4 la forme quadratique Sa‘stm et con- 
sidérons la fonction > #A%2(x;—x*) (x, —xt) =p". Pour r =con- 
stant, p=r, posons u=p*-"—r*-". En intégrant I’expression 
vL(u) —uM(v) =0L(p? ™—r*-”) —(p? *—r*™)g dans I'inté- 
rieur de I'ellipsoide p=r, et applicant une relation de 
réciprocité connue, on déduit une représentation de 
v(xt, ---,x%) comme moyenne des valeurs des fonctions 
considérées a |’intérieur et sur le contour de I’ellipsoide. Le 
calcul implique un passage 4 la limite dans le voisinage du 
point (x?) od la fonction u devient infinie. On démontre 
que la propriété est caractéristique pour les solutions de 
l'équation M(v) =g. B. Levi (Rosario). 


Zwirner, Giuseppe. Condizioni sufficienti per l’esistenza 
degli integrali di una equazione differenziale a derivate 
parziali di tipo iperbolico. Ist. Veneto Sci. Lett. Arti. 
Parte II. Cl. Sci. Mat. Nat. 102, 329-350 (1943). 

The purpose of the paper is to prove under general con- 
ditions the existence of a solution of the equation 


ortng dz oz Prag 
(1) -(# 2825, + ), 








ax"dy™ ax’ dy’ xrays’ 
p=0, ---,n—1;q=0, ---,m—1, 
with prescribed boundary conditions 
(= =) = iy), 4=0, ---,n—1, 
(zo. 9) 
2 
( ) (=) vil ) : 0 ' 
— =yi\x), 17=U, +++, m—l1. 
OY (2,y0) 


The author assumes that the ¢; and y; are, respectively, 
of class C™—' and C*" and have consistent values at (xo, Yo). 
The function f shall be continuous with respect to z and its 
derivatives and measurable with respect to x, y in a rectangle 
R(@asSxsb,cSysd) containing (xo, yo). In addition, if 
Q(x, y) is the solution of (1), (2) corresponding to f=0, 
then for every M>0 there shall exist a nonnegative measur- 
able function A(x, y) such that for every function z with 


arte _(6—a)"-?(d—0)"-4 
eax" 


~ (n—p—1)\(m—q-1)! 

the inequality | f| s(x, y)M holds and such that, for all 
sufficiently large M, Sfedra(x, y)dxdy<1. Then there exists 
a function z satisfying (2), of class C*-' with respect to x, 
C*— with respect to y, for which 8**"~*z/dx""dy"" is abso- 
lutely continuous in R, and which satisfies (1) almost every- 
where, if the left hand side of (1) is understood to mean 
Da*+-*z/dx"—ay"", where D denotes the generalized mixed 
derivative 


D2(x, sles [a(x+h, y+h) —2(x+h, y—h) 
—2(x—h, y+h)+2(x—h, eae 
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The proof is based on a fixed point theorem in a suitable 
function space. A similar theorem is proved for systems of 
equations of the form (1). F. John (New York, N. Y.). 


Zwirner, Giuseppe. Sopra il problema di Nicoletti per una 
particolare classe di equazioni differenziali a derivate 
parziali. Rend. Sem. Mat. Univ. Padova 14, 17-36 
(1943). 

L’auteur se propose de donner des conditions suffisantes 
pour que, dans un rectangle R(aSx=b, cSy=d) il existe 
au moins une solution de l’équation 


ortms 


©) Ox"dy™ 








Oz oz Otte 
=f me aeee — tee 9 °*%, vo), 
Ox dy dx*dy* 
h=0, 1, ---,n—1;k=0, 1, ---,m—1, 


qui sur chacune des droites caractéristiques x=x; (¢=1, 
--+,r) coincide, elle et ses premiéres »;—1 dérivées par 
rapport a x, respectivement avec »; fonctions de y données, 
et sur chacune des droites y=; (j=1, ---, s) coincide, elle 
et ses premiéres 4;—1 dérivées par rapport a y, respective- 
ment avec yu; fonctions données de x(>>»;=n, >> 4;=m). Con- 





sidérant comme équation de comparaison 8*+"z/dx"dy" =0, 
on appelle Q(x, y) la solution de celle-ci réalisant les dites 
conditions complémentaires et on démontre que la solution 
cherchée existe s’il existe un nombre positif H tel que | f| =H 
toutes les fois que, quelles que soient h, k, 


arttz +O _(b—a)"*(d—c)** 
axtay* axrdy*|  (n—h)Km—k)! 
La démonstration est purement existentielle, s’appuyant sur 
l’existence d’un point invariant pour la transformation fonc- 
tionnelle définie par (*). 


Le théoréme se généralise au cas d’un systéme d’équations 
simultanées de la forme 


Or7t™z, f ( Oetteg, 
= X,Y, 21, Za, ***s “Vetted 
ox"0y"” . aia Ox**dy*e 
od les ordres de dérivation dans les seconds membres sont 
toujours, par rapport 4 chaque variable et 4 chaque fonc- 
tion, inférieurs aux ordres de dérivation dans les premiers 
membres. Finalement l’auteur établit un systéme de con- 


ditions du type de Lipschitz sous lesquelles on peut affirmer 
l’unicité de la solution. B. Levi (Rosario). 














TOPOLOGY 


Erdiés, P., and Stone, A. H. On the structure of linear 
graphs. Bull. Amer. Math. Soc. 52, 1087-1091 (1946). 
Using the notation 1,(m) =log n, 1.(m) =log log n, and so 

on, the authors prove the following theorem. Given a posi- 

tive integer r and a positive fraction «<1/2r, there exists 
no(e, 7) such that, for every m>o, every linear graph having 

n vertices and fewer than (1/2r—e)n* edges contains r+1 

mutually exclusive groups of k vertices, for some k= {/,(m) }}, 

such that no two vertices in different groups are directly 
joined. It is conjectured that the lower bound for k could be 
improved to /,(m). H. S. M. Coxeter. 


Harlaar, K. A new proof of Euler’s theorem on convex 
surfaces. Euclides, Groningen 17, 228-231 (1941). 
(Dutch) 


Moore, R. L. A characterization of a simple plane web. 

Proc. Nat. Acad. Sci. U. S. A. 32, 311-316 (1946). 

The compact continuum M is said to be a simple web if 
there exist an upper semicontinuous collection G, of mutually 
exclusive continua, and another such collection G2, such 
that (1) each of these collections fills up M, (2) each of 
them is a dendron with respect to its elements and (3) if 
g: is a continuum of G, and g: is a continuum of G:, the 
common part of g; and g, exists and is totally disconnected. 
Theorem: every two points cf a simple plane web are sepa- 
rated from each other in it either by each of uncountably 
many mutually exclusive arcs or by each of uncountably 
many mutually exclusive simple closed curves. Other results 
are obtained concerning separation of a compact plane con- 
tinuum by each of uncountably many point sets. The paper 
is closely related to other work of the author and to results 
of R. H. Bing [Trans. Amer. Math. Soc. 60, 133—148 (1946) ; 
these Rev. 8, 47]. J. H. Roberts (Durham, N. C.). 


Colmez, Jean. Espaces a écart généralisé régulier. C. R. 
Acad. Sci. Paris 224, 372-373 (1947). 
There are defined “generalized regular écarts’’ of two 
types. The first generalizes the écart of Fréchet [Portugaliae 
Math. 5, 121-131 (1946); these Rev. 8, 48]; the second is 





affirmed to be a reformulation of the uniform structure of 
A. Weil. This reformulation resembles to some extent the 
“generalized metric’ of G. K. Kalisch [Bull. Amer. Math. 
Soc. 52, 936-939 (1946); these Rev. 8, 166]. R. Arens. 


Appert, Antoine. Ecart partiellement ordonné et unifor- 

mité. C.R. Acad. Sci. Paris 224, 442-444 (1947). 

The author weakens the characteristic total ordering of 
the écart of Fréchet and states eight axioms circumscribing 
the resulting concept, which coincides with the ‘generalized 
regular écart’’ of J. Colmez [cf. the preceding review]. 
Analogous axioms for uniform structures given earlier [A. 
Appert, same C. R. 222, 986-988 (1946); these Rev. 7, 466] 
are deduced from these. R. Arens (Princeton, N. J.). 


Gama, Lélio I. Limites d’ensembles dans des espaces 
abstraits. Summa Brasil. Math. 1, no. 7, 115-167 (1946). 
(French. Portuguese summary) 

The notion of metric convergence of a family {.S,} of sets 
in a metric space X is generalized by replacing (1) the 
integral indices {n} by elements of a topological space and 
(2) the metric in X by a countable family { V,,} of relations 
which have the properties that { V,,(x)} is a basis for x in X 
and litinse VnVm(x) =x. The theory of such limits is then 
developed. It is not stated whether nonmetric spaces with a 
family { V,,} exist. R. Arens (Princeton, N. J.). 


Choquet, Gustave. Sur les notions de filtre et de grille. 
C. R. Acad. Sci. Paris 224, 171-173 (1947). 
A grille is a family § of nonvoid sets which, if it contains a, 
contains } if b> a and a—b if b is not a member of G. 
R. Arens (Princeton, N. J.). 


Shanin, N. A. A theorem from the general theory of sets. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 53, 399-400 
(1946). 

Remarks on cardinal numbers containing results essential 
in the proofs of topological theorems discussed in the papers 
reviewed below. E. Hewitt (Bryn Mawr, Pa.). 
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Shanin, N. A. On intersection of open subsets in the 
product of topological spaces. C. R. (Doklady) Acad. 
Sci. URSS (N.S.) 53, 499-501 (1946). 

The author is concerned with certain properties of Car- 
tesian products of topological spaces. He defines the kernel 
W* of a family H of subsets of a given set A as a subfamily 
of & having the same cardinal number as % and having 
total intersection nonvoid. A cardinal number is called a 
caliber of a family M of subsets of a set A if every sub- 
family of M having cardinal number m possesses a kernel. 
A cardinal number m is called a caliber of the topological 
space X if m is a caliber of the family of all nonvoid open 
subsets of X. Subsidiary concepts are also defined. A num- 
ber of theorems are stated which exhibit relations among 
the calibers of factor spaces, the caliber of a Cartesian 
product of spaces and the cardinal numbers of dense subsets 
of the factor spaces. A typical theorem is the following. If 
m is a regular cardinal number greater than X» such that m is 
a caliber of all the spaces X,, where {X,}, \eA, is a nonvoid 
family of topological spaces, then m is a caliber of the 
Cartesian product PX, \2A. No proofs are given. 

E. Hewitt (Bryn Mawr, Pa.). 


Shanin, N.A. On the product of topological spaces. C.R. 
(Doklady) Acad. Sci. URSS (N.S.) 53, 591-593 (1946). 
Continuation and extension of methods and results de- 

scribed in the two papers reviewed above. The author here 
considers the cardinal numbers of families of open subsets 
of a topological space which are completely ordered by set- 
inclusion. He announces relations between these cardinal 
numbers and calibers of the space and states simple results 
relating these cardinal numbers with cardinal numbers of 
dense subsets of the space. He next defines (among others) 
the property (A) of a topological space: a topological space 
X has the property (A) if and only if every denumerable 
family of dense open subsets of X completely ordered by 
set-inclusion has nonvoid intersection. It is stated that the 
property (A) and other similar properties are preserved under 
the formation of Cartesian products (with suitable restric- 
tions). The author finally states three theorems concerning 
the possible cardinal numbers of families of pairwise disjoint 
open subsets of spaces and Cartesian products of spaces. No 
proofs are given. E. Hewitt (Bryn Mawr, Pa.). 


Shanin, N. A. On dyadic bicompacta. C. R. (Doklady) 
Acad. Sci. URSS (N.S.) 53, 777-779 (1946). 
The author defines a dyadic bicompactum as a Hausdorff 
space which is a continuous image of a Cartesian product 





of compact metric spaces and observes that a topological 
space is a dyadic bicompactum if and only if it is a con- 
tinuous image of a Cartesian product of 7)-spaces each 
consisting of exactly two points. A number of theorems on 
dyadic bicompacta are stated (no proofs are given) repre- 
senting applications of concepts described in the three papers 
reviewed above to the special case of dyadic bicompacta. 
E. Hewitt (Bryn Mawr, Pa.). 


de Groot, J. Satze iiber topologische Erweiterung von 
Abbildungen. Nederl. Akad. Wetensch., Proc. 44, 933- 
938 (1941). [MF 15759] 
Summary of results of the author’s thesis [Groningen, 
1942; these Rev. 7, 135]. 


Hemmingsen, Erik. Some theorems in dimension theory 
for normal Hausdorff spaces. Duke Math. J. 13, 495- 
504 (1946). 

The following paragraph, quoted from the author’s intro- 
duction, gives a good summary of the paper. The purpose 
of this paper is to prove for normal Hausdorff spaces a 
number of theorems which are known for separable metric 
spaces. The equivalence of Lebesgue’s covering definition 
in terms of open sets to the definition of Alexandroff in terms 
of mappings into the n-simplex is proved together with some 
other equivalences. Another proof of the sum theorem for 
countably many closed sets is given; and it is proved that 
the dimension of the Cartesian product of two compact 
spaces does not exceed the sum of the dimensions of the 
spaces. J. H. Roberts (Durham, N. C.). 


Grossman, D. P. An estimation of the category of Lus- 
ternik-Shnirelman. C. R. (Doklady) Acad. Sci. URSS 
(N.S.) 54, 109-112 (1946). 

Theorem: if the homotopy groups of an n-dimensional 
connected polyhedron K, are trivial in dimensions 1, ie 
then the category of K,, (on itself) is at most [n/(k-+1)]+1. 
The proof is based on another theorem: under the same 
hypothesis, if K,, (k+1=m=n) is a subpolyhedron, then 
the complement (in K,,) of the e-neighborhood of the 
(m—k—1)-skeleton Ky, nx: of K,, has category 1 in K,. 
This is proved as follows: each point of the set in question 
is moved along a segment into that face of its carrier (in the 
barycentric subdivision of K,,) which is disjoint from 
Kn, m-k-1; thus the points move into the k-skeleton of the 
subdivision and this k-skeleton in turn is contractible in K,, 
by a simple lemma. H. Samelson (Ann Arbor, Mich.). 


GEOMETRY 


Riesz, Marcel. An intuitive picture of non-Euclidean geom- 
etry. Geometrical excursions into relativity theory. 
Acta Univ. Lundensis [Lunds Univ. Arsskrift] N.S. Sect. 
2, 38, no. 9=Acta Reg. Soc. Physiog. Lund. [Kungl. 
Fysiog. Salilskapets i Lund Handlingar] N.S. 53, no. 9, 
76 pp. (1943). (Swedish) 

Spherical geometry is, without artificial agreements re- 
garding the infinite, so imbedded in E, that the spherical 
motions are induced by the motions of E;. Hyperbolic 
geometry cannot be thus imbedded in E;, but the present 
paper shows that it appears as the geometry in the sheet 
H: z>0 of the hyperboloid x*+~*=1 on the three-dimen- 
sional Lorentz space L, with metric form x*+y*—2*. The 





‘ analogy to spherical geometry is perfect: the hyperbolic 


straight lines are geodesics on H in the sense of L; and they 
are the plane sections of H through (0, 0,0). The hyper- 
bolic motions are the motions of L; which carry H into 
itself. The Poincaré model of hyperbolic geometry is ob- 
tained by projecting H from (0,0, —1) on the (x, y)-plane, 
the Cayley-Klein model by projection of H from (0, 0, 0) 
on a plane which intersects the asymptotic cone of H in an 
ellipse. The paper is also a good introduction to the geom- 
etry of Ls, because its properties are discussed in much 
greater detail than the above applications require. 
H. Busemann (Northampton, Mass.). 
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Yaglom, I. M., and Yaglom, A. M. Tangential Poincaré 
models of plane geometries of constant curvature. C.R. 
(Doklady) Acad. Sci. URSS (N.S.) 53, 401-404 (1946). 
In a Euclidean plane, an elliptic plane of curvature K?* or 

a hyperbolic plane of curvature — K* determine an oriented 

straight line L by its angle ¢ with a fixed s-axis A and the 

abscissa s of the point A n L. Various agreements are nec- 
essary if A n L is not defined. For instance, if in the hyper- 

bolic plane L does not intersect A and is not parallel to A 

and d and s’ are, respectively, the length (with a proper 

sign) and the abscissa of the foot of the common perpen- 
dicular of A and L, then g=id and s=s’+iK—x/2. Using 
three types of complex numbers: x+iy with #= —1, x+ey 
with @=0, x+ey with e¢=1, the number z defined by 
z=tan (¢/2)(cossK+isinsK) or z=tan (y/2)(1+es) or 
z=tan (¢/2)(cosh sK+e sinh sK) is called the complex 
coordinate of the line (yg, s) in the elliptic, Euclidean or 
hyperbolic plane, respectively (tan (¢/2) cosh sK and 
tan (¢g/2) sinh sK are always real). After introduction of 

ideal lines the substitution 2’ = (az+-b)/(cz+d), where a, b, 

c, d, are complex numbers of the same type and ad—bc is 

not a zero divisor, yields a one-to-one mapping of the corre- 

sponding set of lines on itself. Exactly those substitutions 
correspond to motions in their respective planes for which 

d is conjugate to a and ¢ to b. H. Busemann. 


Yagiom, I. M. On the groups of Moebius and Laguerre in 
planes of constant curvature. C. R. (Doklady) Acad. 
Sci. URSS (N.S.) 54, 297-300 (1946). 

With the notation of the preceding review exactly those 
transformations 2’ = f(z) are equilong for which f(z) is mono- 
genic, that is, f’(z) exists. The Laguerre transformations of 
any one of the three planes are the linear equilong trans- 
formations 2’ = (az+b)/(cz+d) for which ad —bc is not a zero 
divisor. They are characterized by the fact that they trans- 
form the family of nondegenerate tangential cycles into 
itself. The groups of the Laguerre transformations of the 
elliptic, Euclidean and hyperbolic planes are isomorphic to 
the groups of point transformations of the Euclidean plane 
which transforms into itself the family of, respectively, the 
circles, the parabolas with a fixed axis direction and the 
equilateral hyperbolas with a fixed axis direction. 

H. Busemann (Northampton, Mass.). 


Schilling, er Die nichteuklidische Trigonometrie 
der hyperbolischen und elliptischen Dreiecke im Gebiete 
ausserhalb des absoluten Kegelschnittes in der projek- 
tiven Ebene mit hyperbolischer Geometrie. Deutsche 
Math. 7, 432-459 (1944). 

In terms of homogeneous coordinates (x9, x:, x2) for a 
point and [Xo, Xi, X:] for a line, with the absolute 
(xx) =xe?—x,*—x=0 or (XX]=—X?+XL+XZ=0, the 
distance (x)(y) between two points is given by 

cosh (x)(y) = | xayvo—x191 —xayo| /V (xx) (yy), 

and the (acute) angle [X ][ Y] between two lines is given by 
cos [X][Y]= | — Xo ¥ot+XiVit-X2¥2|/ V[XXJLYY]. 

These are real if the points (x), (y) and [X]-[ Y] are interior 

to the absolute. If (x) is interior while (y) is exterior, we 

have (yy)<0, cosh (x)(y) is pure-imaginary, say é sinh r, 

and (x)(y) =4ai+r, where r is the real distance from (x) to 

the polar of (y). If both (x) and (y) are exterior while still 
lying on a secant, (x)(y) is real again, being equal to the 
distance between the two polars. But if (x) and (y) lie on an 





exterior line, we have cosh (x)(y) <1, say cosh (x)(y) =cos @, 
and (x)(y) =6i, where @ is the angle between the two polars. 
Similarly, if [X] and [ Y] are secants meeting in an exterior 
point, we have cos[X ][Y]>1, say cos [X ][ Y]=cosh r, 
and [X ][ Y]=ri, where r is the distance between the two 
lines. The same formula holds if [X] and [Y] are exterior 
lines, only now r is more naturally regarded as the distance 
between their poles. Finally, if [X] is a secant while [Y] 
is exterior, cos [X ][ Y] is pure-imaginary, say i sinh r, and 
[X][Y]=4r—ri, where r is the distance from [X] to the 
pole of [Y]. 

The author verifies that, with this interpretation of dis- 
tance and angle, the usual formulas of hyperbolic trigo- 
nometry remain valid throughout the whole projective 
plane. He could have saved much labor by using the above 
system of coordinates, instead of Cartesian coordinates as 
applied to a Euclidean model. [Cf. the reviewer's note on 
De Sitter’s world, Amer. Math. Monthly 50, 217-228 
(1943); these Rev. 4, 226.] H. S. M. Coxeter. 


Schilling, Friedrich Die nichteuklidische Trigonometrie 
der allgemeinen rechtwinkligen Dreiecke in der hyper- 
bolischen Geometrie. Deutsche Math. 7, 460-476 (1944). 
If the right angle C of a right triangle ABC is interior to 

the absolute, we may take the vertices to be the points 

(cosh b, sinh 5, 0), (cosh a, 0, sinh a), (1, 0, 0) and the sides 

to be the lines [0, 1, 0], [0, 0, 1], (Xo, cos B, cos A], where 

X¢=cos? B—sin* A =cos* A —sin* B. The classical relations 

between the sides and angles follow almost immediately. 

On the other hand, if C is exterior, and the pure-imaginary 

side is a=6i, we may take the vertices to be 


(sinh 6, 0, cosh 6), (0, sin 8, cos @), (0, 0, 1). 


In this case either cos A or cos B is real while the other is 
pure-imaginary, but the classical relations follow as before. 
The author verifies these results for all possible positions of 
the triangle. H.S. M. Coxeter (Toronto, Ont.). 


Schilling, Friedrich. Die nichteuklidische Trigonometrie 
der allgemeinen nicht rechtwinkligen Dreiecke und der 
rechtseitigen Dreiecke in der hyperbolischen Geometrie. 
Deutsche Math. 7, 476-499 (1944). 

The author distinguishes nine types of triangle according 
to the situation of the vertices and sides in relation to the 
absolute. He verifies the classical formulas (connecting the 
sides and angles of the general triangle) in each case. 

This would surely have afforded a good opportunity to 
use ABC as the triangle of reference for homogeneous coor- 
dinates, so that the absolute would be given by the vanishing 
of a general indefinite ternary quadratic form in point- 
coordinates, or of the adjoint form in line-coordinates [as 
in the reviewer's Non-Euclidean Geometry, Math. Exposi- 
tions, no. 2, University of Toronto Press, 1942, p. 237; these 
Rev. 4, 50]. In other words, alter the conic instead of the 
triangle. Then the distinction of types would be expressible 
in terms of the coefficients of these forms. 

H. S. M. Coxeter (Toronto, Ont.). 


Humbert, Pierre. Formules trigonométriques dans le plan 
et espace attachés 4 l’opérateur A;. Ann. Soc. Sci. 
Bruxelles. Sér. I. 60, 196-199 (1946). 

[In the original, A; was misprinted As. ] Associated with 
the third order differential operator 
e FF # 3 
& ant ay? On dxdydz 
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there is a space where the distance of a point (x, y, z) from 
the origin is p= (x*+y'+2*—3xyz)!. The author has given 
a number of geometric properties of this space [see, for 
example, Bull. Sci. Math. (2) 66, 145—154 (1942) ; 68, 50—59 
(1940); J. Math. Pures Appl. (9) 21, 141-153 (1942) ; these 
Rev. 5, 215; 7, 166; 6, 18]. This has been studied also by J. 
Devisme [ J. Math. Pures Appl. (9) 19, 359-393 (1940); 
these Rev. 3, 21}. 

Three functions P, Q, R of (0, ¢) are defined, which are 
sums of exponential functions and which involve a number 
j where 7? =1. These are extensions to the third order of 
Euler’s formulas for the circular functions. These functions 
obey the conditions #P/d@ = #P/d¢* =P, and similarly for 
Q and R, and also P*+(*+ R*—3PQR=1. Being given three 
coplanar directions of slopes mm, m2, ms, expressions are 
given for P, Q; R as functions of (mm, m2, ms). These rela- 
tions when solved for @ and ¢ give the generalized angles. 
The author defines a bitriangle in the (x, y)-plane as the 
figure formed by three rays SA, SB, SC such that A, B, C 
are collinear. A law of sines and a law of cosines for such a 
bitriangle are developed. By considering the relationships 
between the parts of a bitetrahedron, which is the figure 
formed by four rays issuing from the same point S, the first 
three rays SA, SB, SC being coplanar, with A, B, C collinear, 
and the fourth ray SD any line whatever, the author is able 
to obtain an analogue of the law of cosines of spherical 
trigonometry. J. DeCicco (New York, N. Y.). 


Lagrange, René. Propriétés métriques anallagmatiques 
des cycliques. Ann. Sci. Ecole Norm. Sup. (3) 62, 385- 
417 (1945). 

Continuing the subject of an earlier paper [Ann. Sci. 
Ecole Norm. Sup. (3) 59, 1-42 (1942); these Rev. 7, 24], 
the author defines the anallagmatic distance from a “bi- 
point” BB’ to a circle of radius r to be 2/(r-BB’) times the 
geometric mean of the powers of B and B’ with respect to 
the circle. He finds the analogue of a conic to be a bicircular 
quartic: the locus of a bipoint whose “‘distances’’ from a 
fixed bipoint (“‘bifocus’’) and a fixed circle (“‘directrix’’) are 
in a constant ratio. The value of this ratio (“‘eccentricity’’) 
determines whether the quartic is “elliptic, parabolic, or 
hyperbolic.”’ The distinction between these types according 
to the behavior of “diameters”’ is just as we would expect. 
Through a point of general position there pass two quartics 
of a “confocal” system, one elliptic and one hyperbolic, 
cutting each other orthogonally. Each “directrix” is the 
“polar” of the corresponding bifocus. The tangent (circle) 
at a bipoint bisects the angle formed by the two circles 
which join the bipoint to the two bifoci. 

Although he mentions a connection with the conformal 
model of a non-Euclidean plane, the author does not seem 
to have carried this to its logical conclusion: that his bicir- 
cular quartics are stereographic projections of a sphero- 
conic. The position of the point of projection in relation to 
the sphero-conic determines the type of the plane quartic. 
Apart from this distinction of types, all his theorems have 
their counterparts in Chasles’ development of the sphero- 
conic. [See Salmon’s Treatise on the Analytic Geometry of 
Three Dimensions, chap. X.] H. S. M. Coxeter. 


Horninger, Heinz. Uber Spiegelbilder bei ebenen Kurven. 
(Bertihrungspunktkurven von Kaustikenbiischeln.) 
Deutsche Math. 7, 129-145 (1943). 

From the introduction: Das “Spiegelbild’’ eines Punktes 

P in bezug auf eine ebene Kurve ist der Beriihrungspunkt 





P* der Kaustik von P mit einer durch das Auge gehenden 
Tangente [of course, P* need neither exist nor be uniquely 
determined ]. Die bei festem Augpunkt hierdurch bestimmte 
Punktverwandtschaft P—P* ist Gegenstand der nachfol- 
genden Untersuchungen. Es werden vor allem die Spiegel- 
bilder von Kurven betrachtet (Beriihrungspunktkurven von 
Kaustikenbiischeln), insbesondere die Bildkurven von Ge- 
raden; dabei ergibt sich ein auffallender Zusammenhang 
mit ebenen Fusspunktkurven. Fiir algebraische spiegelnde 
Kurven werden die Pliickerschen Charaktere der Bildérter 
abgeleitet. Die Spiegelung an Kegelschnitten wird hervor- 
gehoben; es ist bemerkenswert, dass auch bei Annahme 
eines im Brennpunkt liegenden Auges eine nicht triviale 
Verwandtschaft P—P* existiert. Die Spiegelung am Kreis 
wird ausfiihrlich behandelt; der Zusammenhang mit den 
Fusspunktkurven fiihrt hierbei auf die bekannte Tatsache, 
dass die Beriihrungspunktkurven von Zykloidenbiischeln 
Fusspunktkurven von Kegelschnitten sind. P. Scherk. 


Cavallaro, Vincenzo G. Sur les triangles spéciaux dont les 
distances brocardiennes sont singuliéres. Mathesis 54, 
422-428 (1945). 


MacQueen, M. L., and Hartley, R. W. Elliptic Euleroids. 

Amer. Math. Monthly 53, 511-516 (1946). 

An Euleroid is defined as the envelope of the Euler line 
of a variable triangle, one of whose vertices describes an 
ellipse while the other two vertices are fixed at the foci of 
the ellipse considered. The authors obtain a parametric rep- 
resentation of the Euleroid, derive some properties of the 
curve, point out the differences in these properties when 
4<exX1, where ¢ is the eccentricity of the ellipse, and con- 
sider several special values of e. N. A. Court. 


Court, N. A. The biratio of the altitudes of a tetrahedron. 

Duke Math. J. 13, 383-386 (1946). 

The four altitudes of a tetrahedron determine a hyper- 
boloid and so they have a biratio (anharmonic ratio). Among 
the theorems we cite the following. The altitudes of a face 
of a tetrahedron and the line joining the orthocenter of that 
face to the foot of the altitude of the tetrahedron in the 
face considered form a pencil whose biratio is the same in 
the four faces. The biratio of the altitudes of an isosceles 
tetrahedron is equal to the biratio of the pencil of lines 
formed by the altitudes and the Euler line of a face. 

O. Bottema (Delft). 


Thébault, V. Sur la géométrie du tétraédre. Ann. Soc. 
Sci. Bruxelles. Sér. I. 60, 207-212 (1946). 


Tuchman, Zebulon. The third congruence theorem for 
tetrahedra. Riveon Lematematika 1, 32-34 (1946). 
(Hebrew) 

Let A,B,C,D; (i=1, 2) be two tetrahedra such that the 
triangles A,B,C, and D,B,C, are respectively congruent to 
A2B:C, and D,B:C,, and the angles B, and C, are respec- 
tively equal to B, and C,. The theorem states that the 
tetrahedra are then congruent. Several cases must be 
considered since in the congruence of the triangles no as- 
sumption is made as to which vertices correspond. 

I. S. Cohen (Philadelphia, Pa.). 


Goormaghtigh, R. Sur les centres de courbure des courbes 
définies par leur équation polaire. Mathesis 54, 406-408 
(1945). 
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Narlikar, V. V., and Bhedasgaokar, V.S. On the equations 
of certain transformations ing the volume of a 
cuboid. J. Benares Hindu Univ. 9, 82-84 (1946). 


Cassina, Ugo. Riduzione delle ipotesi nel teorema fonda- 
mentale della geometria proiettiva. Ist. Lombardo Sci. 
Lett. Cl. Sci. Mat. Nat. Rend. (3) 4(73), 389-402 (1940). 
Die Voraussetzung der Invarianz aller harmonischen 

Quadrupel ist in der Formulierung des Fundamentalsatzes 

der projektiven Geometrie nicht erforderlich. Bereits jede 

eindeutige Abbildung eines einstufigen Grundgebildes auf 
sich, die drei Fixelemente a, b, c besitzt und diejenigen har- 
monischen Quadrupel invariant lasst, die entweder a ent- 
halten oder deren eines Paar c enthalt, wahrend das andere 

Paar die Punkte a, b harmonisch trennt, ist die Identitat. 

Hieraus folgt dann, dass eine Projektivitat zwischen zwei 

Grundgebilden erster Stufe durch drei vorgegebene ent- 

sprechende Paare eindeutig bestimmt ist. Der Beweis er- 

fordert an Stetigkeitsbetrachtungen nur das Archimedische 

Postulat in projektiver Form zur Einfiihrung projektiver 

Koordinaten und die Existenz eines Punktepaares, das zwei 

sich nicht trennende Punktepaare gleichzeitig harmonisch 

teilt. R. Moufang (Frankfurt am Main). 


*Cassina, Ugo. Riduzione delle ipotesi nel teorema fonda- 
mentale della geometria proiettiva. Atti Secondo Con- 
gresso Un. Mat. Ital., Bologna, 1940, pp. 281-282. 
Edizioni Cremonense, Rome, 1942. 

Cf. the preceding review. 


Fiala, Franz. Das Schmerzenskind der projektiven Geo- 

metrie. Deutsche Math. 7, 414-416 (1944). 

The “woe-begotten child” is the problem: given the line 
coordinates of two coplanar lines, to determine the coordi- 
nates of their plane and of their common point. The author 
offers a new solution using vectors. N. A. Court. 


Glagolev, A. A. A new definition of the curve of the third 
order. C.R. (Doklady) Acad. Sci. URSS (N.S.) 53, 771 
(1946). 

In the projective plane let two triangles A, B, C and 
A’, B’, C’ be given. If a point X and a line k through X move 
so that the cross ratios of the four lines XA, XB, XC, h and 
of XA’, XB’, XC’, h remain constant, then X describes a 
cubic curve. H. Busemann (Northampton, Mass.). 


Hohenberg, Fritz. Uber die Hyperflichen zweiten Grades 
mit einem gemeinsamen Polsimplex. Akad. Wiss. Wien, 
S.-B. Ila. 150, 89-108 (1941). 

The author studies the system of quadratic hypersurfaces 
of an n-dimensional projective space which have a common 
seli-polar simplex. This simplex is taken as the simplex of 
reference. Each hypersurface of this system is mapped as a 
point of an auxiliary n-dimensional space, the coordinates 
of which are the coefficients of the equation of the hyper- 
surface. This mapping is used to investigate the projective 
transformations converting the hypersurfaces of the system 
into each other. The same mapping was used by the author 
to discuss systems of conics with a common self polar tri- 
angle [Monatsh. Math. Phys. 50, 111-124 (1941); these 
Rev. 6, 14]. E. Lukacs (Cincinnati, Ohio). 
Weiss, E. A. Dreiecke in isogonaler Lage. Deutsche 

Math. 6, 135-147 (1941). 

If two triangles (a) =a;a203, (b) =bybebs inscribed in the 
same circle are such that the isogonal conjugates, for the 





triangle (a), of the lines joining the vertex 5; of (b) to 
the vertices of (a) are parallel to the opposite side bj, of 
(b), the two triangles are said by the author to be in isogonal 
position. By mapping this figure on a skew cubic the author 
shows that the pairs of triangles in isogonal position in- 
scribed in a fixed circle are circumscribed about a fixed 
parabola having its focus on the circle considered. 

This proposition, as well as the basic figure itself, in an 
equivalent form also mentioned by the author, have been 
anticipated. [See, for instance, A. Mineur, Mathesis 43, 
329-332 (1929). ] N. A. Court (Norman, Okla.). 


Longo, Carmelo. Su alcune proprieta del rapporto pluri- 
sezionale. Univ. Romae Ist. Naz. Alta Mat. Rend. Mat. 

e Appl. (5) 3, 90-97 (1942). 

Let A; be the m vertices of a polygon in affine space 
and let M; be points belonging, respectively, to the sides 
A.A i4:. The product of simple ratios (A:A2M;)(A2A3Mz2) - - - 
(A,AiM,) is called the multisectional ratio R. When R= +1 
the author shows how one of the points M; can be deter- 
mined geometrically when the rest are given. He also dem- 
onstrates that R= +1 is a sufficient condition that a quad- 
rangle or pentagon be circumscribed to a quadric. Here the 
M; are the points of tangency. J. L. Vanderslice. 


Garding, Lars. Conics inscribed in a triangle treated by 
means of complex numbers. Elementa 25, 1-10 (1942) 
=Comm. Sém. Math. Lund [Medd. Lunds Univ. Mat. 
Sem. ] 5, no. 13 (1943). (Swedish. French summary) 


Ciani, Edgardo. Due casi particolari metrici notevoli del 
tetraesagono e dell’esaesagono. Period. Mat. (4) 21, 
234-238 (1941). 

Continuation of two earlier notes [Boll. Un. Mat. Ital. 

(2) 3, 177-187 (1941); Period. Mat. (4) 21, 107—112 (1941); 

these Rev. 3, 252, 86]. 


Mineur, Ad. Invariants simultanés' de deux coniques 
proprement dites. Mathesis 54, 409-422 (1945). 


Cazaux, G. Sur le quadrangle orthocentroidal. Mathesis 
54, 429-433 (1945). 


Rao, C. V. H. On the Petersen-Morley theorem. II. 
Bull. Calcutta Math. Soc. 38, 109-112 (1946). 
Part I appeared in the same Bull. 37, 131-132 (1945); 
these Rev. 7, 390. 


Mitchell, Ernest. Conjugo-conjugate couples in involu- 
tion. Amer. Math. Monthly 54, 16-23 (1947). 


v. Sz. Nagy, Gyula (Julius). Geometrie endlicher Ord- 
nung. Jber. Deutsch. Math. Verein. 53, 103-136 (1943). 
In his “géométrie finie” Juel studied closed plane (and 

skew) curves C with continuous tangents (and osculating 

planes) in real projective space. The linear order of C, i.e. 

the maximum number of its points of intersection with any 

straight line (or plane, respectively) was assumed to be 
finite. Similarly, he discussed closed surfaces S with con- 
tinuous tangent planes. The order of S is the maximum 
number of its points of intersection with any straight line 
that does not lie wholly on S. The indices of C and S are the 
corresponding minimum numbers. The class of a plane 

(skew) C is the maximum number of its tangents (oscu- 

lating planes) through any point. Its class index is again 

the corresponding smallest number. 
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In the present article, a great many results in this field 
are compiled from more than a hundred papers. The author 
has concentrated on developments that generalize results 
of algebraic geometry and refers to Haupt’s report for the 
more topological aspects [ Jber. Deutsch. Math. Verein. 49, 
190-207 (1939); these Rev. 1, 169]. The following topics 
are among those discussed: plane C’s of order 2, 3, and 4; 
plane C’s of maximum index or maximum class index; skew 
C’s of order 3 and 4; skew C’s of maximum index; C’s in 
n-space; imbedding of an arc into a C of the same order; 
families of plane C’s; nonlinear and other orders; S’s of 
order 2 and 3; special S’s of order 4; S’s of maximum index; 
polygons as curves; polyhedra as surfaces. P.. Scherk. 


Mandan, Ram. Umbilical projection. Proc. Indian Acad. 
Sci., Sect. A. 24, 433-440 (1946). 
Continuation of the author’s paper in the same Proc. 15, 
16-17 (1942); these Rev. 3, 299. 


Kronsbein, John. Elliptic geometry, conformal maps, and 
orthogonal matrices. Duke Math. J. 13, 505-519 (1946). 
If a point on the unit sphere is projected gnomonically 

from (0,0,0) into (X, Y,1), and stereographically from 

(0,0, —1) into (x, y,0), the relation between Z=X+ Yi 

and z=x+yi is found to be Z=2z/(1—22). The lines 

X=constant and Y=constant of the Z-plane are mapped 

into two systems of coaxial circles (which are drawn in the 

figures). The author studies the effect of an arbitrary rota- 
tion of the sphere. He then takes some well-known trans- 

formations z= f(W), where W= U-+ Vi, and expresses X, Y 

in terms of U, V; e.g., the transformation z=exp (¢W) yields 

X=cos U/sinh V, Y=sin U/sinh V. H.S. M. Coxeter. 


Shor, J. B. On the application of descriptive geometry to 
three dimensional mechanics. Engineering Rev. [Akad. 
Nauk SSSR. InZenernyi Sbornik] 2, no. 1, 84-101 (1943). 
(Russian. English summary) 


Chetverukhin, N. Axonometric interpretation of the method 
of projections with vectorial scale. Engineering Rev. 
[Akad. Nauk SSSR. InZenernyi Sbornik] 2, no. 1, 102- 
104 (1943). (Russian. English summary) 


Mihail, Botez St. Contribution to the simplification of the 
Monge system of projection in a special case. Revista 
Stiintifica ““V. Adamachi” 32, 126-127 (1946). (Ro- 
manian. French summary) 


Convex Domains, Integral Geometry 


Efimoff, N. Recherches sur les déformations d’une surface 
ayant un point d’aplatissement. Rec. Math. [Mat. 
Sbornik ] N.S. 19(61), 461-488 (1946). (Russian. French 
summary) 

A small neighborhood of any point of an analytic surface 
where that surface has contact of order 1=n—1 with its 
tangent plane is not rigid, even within the domain of ana- 
lytic surfaces. This ceases to be true for »>2. For instance, 
an arbitrarily small neighborhood of O=(0,0,0) on the 
surface s=x*y'+x"-+y" is rigid within the class of an- 
alytic surfaces. The following is the principal gen- 
eral result. Let z= F(x, y)+---+F(x, y)+R(x, y) be 
the expansion of the surface S by the Taylor formula, 





where n>2 and F(x, y)#0. For a given positive 4 let 
T: s=G(x, y) =G (x, y)+---+G(x, y)+R*(x, y) be a 
surface which has at (x, y) for x*+7*<é the same Gauss 
curvature as S. If, for every such T, G®+---4+G@ =P™ 
+---+P© for ism, but not fori=m-+1, then L,=n—m+1 
is called the order of rigidity of s at O relative to 3. Of course 
L,=Ly for 6=3’. Let N be the least upper bound of 0 and 
those A for which F2¢)-—2F9¢9+FRe2=0 implies 
@™ =0 for every definite form of degree h. If F™ =0 and 
F@+) =0 have no common real asymptotes and N>0, then 
L,;=N-+1 for all 8>0. There are surfaces with arbitrarily 
large N; for instance, N= @ for the paraboloid mentioned 
above. H. Busemann (Northampton, Mass.). 


Lévy, Paul. Surfaces minima et corps convexes en moyenne. 

C. R. Acad. Sci. Paris 223, 881-883 (1946). 

For a closed set F in E* let K(F) be the convex closure 
of the set F, K,(F) the set of those points which can- 
not be separated from F by minimal surfaces, K2(F) the 
set of the points which cannot be separated from F by 
minimal surfaces S such that F contains no closed curve 
which is contractible to a point without meeting S. Then 
K,(F) ¢ K,(F) ¢ K(F). Various examples are discussed. For 
instance, K,(F)=K.(F)=F for denumerable F; if F is the 
cylinder x*+* =a’, |z| =h, then Ki(F)=K.(F)=K(F) for 
large h, but K,(F) is a proper subset of K,(F) for small h. 

H. Busemann (Northampton, Mass.). 


Bol, G. Isoperimetrische Ungleichungen fiir Bereiche auf 
Flachen. Jber. Deutsch. Math. Verein. 51, 219-257 
(1941). 

The author proves various generalizations of the iso- 
perimetric inequality for regions R on a surface in 
Euclidean 3-space. It is proved, for instance, that, if L 
is the length of the boundary curve of R, A the area of 
R, and Ky the maximum of the Gauss curvature in R, then 
L?—4rA+KyA*=0. For negative Ky this includes the 
result of Beckenbach and Radé [Trans. Amer. Math. Soc. 
35, 662-674 (1933) ] that L?—4xA =0. The proofs are based 
on a study of “interior parallel regions’’ used previously by 
the author [Jber. Deutsch. Math. Verein. 52, 250-266 
(1942); these Rev. 5, 106]. There exist relations connecting 
the areas of such regions and the lengths and geodesic 
curvatures of their boundary curves similar to those holding 
for plane regions. Their proof requires a.detailed analysis 
of the intersections of geodesics and of geodesic circles 
(defined as curves of constant distance from a point). The 
main assumption the author has to make on the surface is 
that there exists a positive number m such that, for two 
points on any geodesic arc of length less than m, that arc 
is the shortest line joining the two points. F. John. 


Dinghas, Alexander, und Schmidt, Erhard. Einfacher Be- 
weis der isoperimetrischen Eigenschaft der Kugel im 
n-dimensionalen Euklidischen Raum. Abh. Preuss. 
Akad. Wiss. Math.-Nat. KI]. 1943, no. 7, 18 pp. (1944). 
The paper contains a simple proof of the isoperimetric 

inequality (1) O(K) =nE"/*V(K)*-»!*, Here K is a bounded 

nonempty closed set in Euclidean n-space, V its n-dimen- 

sional measure, E, the volume of the unit-sphere, and O(K) 

the Minkowski surface area of K, defined by 


O(K) =lim inf { V(Kx) — V(K)}/h; 
aa) 


K, denotes the set of points whose distance from K does not 
exceed h. The inequality (1) is an immediate consequence 
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of the “ Brunn-Minkowski” inequality 
(2) V(Ks)=({V(K)}"*+hE,"*)*, 


A proof of (2) for arbitrary closed sets with the help of 
“symmetrizations” had been outlined by Lusternik [C. R. 
(Doklady) Acad. Sci. URSS (N.S.) 8 (1935 III), 55-58 
(1935) ]. The simple proof of (2) given here works by induc- 
tion over n, applying (2) to parallel plane cross-sections k 
and their h-neighbourhoods k, (with a certain variable h), 
each k, being still shifted by a certain amount in the direc- 
tion parallel to its hyperplane. Thus the place of the sym- 
metrizations is taken in this proof by deformations affecting 
only one variable. 

It is proved in addition that the equality sign in (2) holds 
only for spheres. The equality sign in (1) also holds only 
for spheres, if the further assumption is made that every 
open half-space that contains points of K at all contains a 
set of such points of positive n-dimensional measure. 

F. John (New York, N. Y.). 


Reiche, Erhard. Zum isoperimetrischen Problem bei 
Flachenstiicken negativer Kriimmung. Deutsche Math. 
6, 171-177; errata, 505 (1941). 

The isoperimetric inequality (1) a=P/(4x) is character- 
istic of surfaces S of nonpositive Gaussian curvature K. 
A proof, by means of subharmonic functions, that K=0 
implies (1) for a simply-connected piece S’ of S, where S’ 
is bounded by a smooth rectifiable Jordan curve and is 
given in conformal representation on the unit circle |z|=1, 
with length deformation ratio \(z), consists essentially in 
establishing the existence of an analytic function f(z) for 
which the deformation ratio | f’(z)| coincides with d(z) on 
|z| =1 while dominating X(z) in |z| <1; that (1) holds for 
S’ follows then from the known fact that (1) holds for the 
plane region R on which f(z) maps |z| =1. 

The author points out that the above analysis shows in 
addition that various known refinements of (1) for the plane 
region R hold also for S’. Thus not only on R but also on S’ 
we have aSP/(4r)—3n(r.—r,)*, where r, is the radius of 
the smallest circle containing R, and r; is the radius of the 
largest circle contained in the convex hull of R. 

E. F. Beckenbach (Los Angeles, Calif.). 


Armanini, Attilio. Sopra un problema di trigonometria 
sferica. Atti Mem. Accad. Sci. Padova. Mem. Cl. Sci. 
Fis.-Mat. (N.S.) 58, 41-57 (1942). 

Let d be the length of the side of an equilateral triangle 
and A its area. In Euclidean geometry p=3d?/4A =+/3. 
In hyperbolic geometry p>+/3. In spherical geometry 
r/6<p<+/3. For p=2x/6 the triangle is a great circle and 
b<-/6 if A is the area of the exterior of the triangle. 

H. Busemann (Northampton, Mass.). 


Santalé, L. A. On the length of a space curve as mean 
value of the lengths of its orthogonal projections. Math. 
Notae 6, 158-166 (1946). (Spanish) 

Let L(w) be the length of the projection of a curve in E* 
of length LZ on a plane with direction w. Then L=4x—L., 
where L, is the average of the L(w). If L is projected on a 
finite number of planes w, - - -, w, then 44~'n-'>~L(w,) is an 
approximation to L. The limits for the error are determined 
for three mutually perpendicular w; and for the twelve 
(twenty) w; belonging to the faces of a regular dodecahedron 
(icosahedron). H. Busemann (Northampton, Mass.). 





Hadwiger, H. Fiacheninhalte und Kurvenlingen als geo- 
metrische Mittelwerte. Jber. Deutsch. Math. Verein. 
51, 212-218 (1941). 

The author discusses the representation of the area of a 
plane region as the mean number (with respect to the group 
of translations) of vertices of a rigidly movable lattice which 
fall into the region, and the representation of the length of 
a piecewise convex plane curve as the mean number (with 
respect to the group of all rigid motions) of intersections of 
the curve with the moving lattice. H. Federer. 


Scherrer, W. Integralsiitze der Flichentheorie. 

ment. Math. Helv. 19, 105-114 (1946). 

The surface area and the integral of the mean curvature 
of a closed convex surface can be expressed by surface inte- 
grals containing the function of support of the surface 
(special cases of Minkowski’s symmetry relations for mixed 
volumes). The author remarks that these formulae also are 
valid for arbitrary surfaces which are closed or bounded, if 
in the latter case integrals over the boundary curves are 
added. The proof is, like Minkowski’s, based on the Gauss 
integral theorem. W. Fenchel (Copenhagen). 


Com- 


Algebraic Geometry 


Kasner, Edward, and De Cicco, John. Rational functions 
of a complex variable and related potential curves. Proc. 
Nat. Acad. Sci. U. S. A. 32, 280-282 (1946). 

The authors announce a number of results concerning 
rational harmonic curves, that is, curves whose equations 
are obtained by equating to zero the real part R(x, y) of a 
rational function of z=x+iy. The following characteriza- 
tion of these curves is stated. An algebraic curve is rational 
harmonic of degree not exceeding r+s (r>1,s>1) (ie., is 
derived from a rational function P(z)/Q(z) such that 
max (p, g)S=r+s, where p and g are the orders of P(z) and 
Q(z)) if and only if it passes through the r* foci of a curve 
C, of class r and the s* foci of a curve C, of class s such 
that no minimal line contains a focus of C, and a focus 
of C,. Two curves are said to be conjugate if they are ob- 
tained by equating the real and imaginary parts of an 
analytic function of z to zero. A pair of algebraic curves are 
conjugate rational harmonic of degree not exceeding r+s if 
and only if they intersect orthogonally in the r* foci of a set 
of confocal curves C, and the s* foci of a set of confocal 
curves C, such that no minimal line contains a focus of a 
C, and a focus of a C,. The satellite of a rational harmonic 
curve is the same curve. An algebraic curve is inverse 
rational harmonic if it is obtained by equating to zero the 
inverse of a rational function of z. The class of inverse 
rational harmonic curves coincides with the class of uni- 
cursal curves. J. A. Todd (Cambridge, England). 


Fano, G. Sulla forma cubica generale dello spazio a 4 
dimensioni. Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. 
Mat. Nat. (8) 1, 463-466 (1946). 

This note reports a proof of the famous conjecture that 
the general cubic three-dimensional variety V;° in S, is not 
rational. In an earlier paper the author has shown that this 
general V;* is birationally equivalent to the section M; 
of the Grassmannian of the lines in Ss; with a general S, 
[same Rend. (6) 11, 329-335 (1930)]. This M;'* belongs 
(for p=8) to a class of varieties M;?~* in S,,: which have 
been studied by the author in previous papers [Comment. 
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Math. Helv. 14, 193-201, 202-211 (1942); these Rev. 
3, 304] and which are characterized by the property that 
their canonical curve sections are canonical curves of genus 
p. In these earlier papers the author has established the 
irrationality of M,?-* in the cases p=3, 4 and its ration- 
ality for all other values of p, with the exception of p=5, 6, 
8 and 13, which were the cases still in doubt. He now reports 
having proved the irrationality of the M,?~ in these four 
doubtful cases. In particular, and this proves the irration- 
ality of the general V;*, the general M;"‘ is irrational because 
it carries only two types of complete linear systems of sur- 
faces having all genera equal to 1 : one type is reducible to 
the system of hyperplane sections of M;"*, and the other 
type is reducible to the system of sections of a birationally 
equivalent V;’ with the hyperquadrics of the ambient S,. 
O. Zariski (Urbana, IIl.). 


Amodeo, Federico. E possibile estendere il teorema di 
Cremona sulle curve iperellittiche alle curve di gonalita 
diversa da due? Rend. Accad. Sci. Fis. Mat. Napoli (4) 
13, 116-127 (1945). 

A k-gonal curve is one which contains a g,', and no g,,' 
for m<k. The author proves that, for k>3, the plane 
k-gonal curves of given genus can be transformed by 
Cremona transformations into curves belonging to one of 
[4(k+1)]+1 distinct types. For k=3 there are two types. 
The various types are classified according to the multiplici- 
ties of their singular points of highest multiplicity. The 
argument is based on the fact that the order n of a plane 
curve can be reduced by a quadratic transformation when- 
ever the sum of the three highest multiplicities of singular 
points of the curve exceeds n. J. A. Todd. 


Torre, Lino. Trecce di Artin e modelli algebrici. Ist. 
Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 5(74), 
501-514 (1941). 

Si applica l’estensione proiettiva delle trecce di Artin 
[Abh. Math. Sem. Hamburgischen Univ. 4, 47—72 (1926) ] 
ad un nuova dimostrazione dell’esistenza del modello alge- 
brico irriducible per ogni sistema spaziale di k circuiti privi 
di singolarita e di mutue intersezioni. [Cf. L. Brusotti, Ann. 
Scuola Norm. Super. Pisa (2) 1, 61-77 (1932). ] 

From the author's summary. 


Cherubino, Salvatore. Funzioni intermediarie e corrispon- 
denze algebriche tra curve. Atti Accad. Italia. Rend. 
Cl. Sci. Fis. Mat. Nat. (7) 3, 194-203 (1942). 
Transcendental arguments are applied to prove three 

theorems which the author enumerates as follows. (I) Sopra 

una varieta abeliana V,, di dimensione ?, si considerino due 
sistemi di funzioni intermediarie {A} ed {M} assegnati dalle 

forme riemanniane alternate principali e positive A ed M 

ammesse da una matrice (di Riemann) w di periodi primitivi 

di V,. Se M @ modulare, mentre i divisori elementari 

(secondo Frobenius) di A sono gl’interi (assoluti) ¢;, é2, - - -,ép, 

il cui prodotto é d (+0), prendendo hSp varieta distinte di 

{A} e p—A varieta distinte di {M}, il numero » dei loro 

punti d’intersezione, se finito, é eguale a 


h\(p—h) hr 
€s,€e,° * “Ca, 
il sommatario essendo esteso a tutte le combinazioni 5, $2, 
+++, S$, degli indici 1,2, ---,padhadh. 
(I1) Due curve algebriche C e D di genere p> 1 sono bira- 
zionalmente identiche se son legate da una corrispondenza 





non speciale T, ad indici (ovunque) finiti, che subordini su 
una di esse una serie 7,’ tale che riunendo i suoi gruppi ad r 
ad r (r=) si ottiene una y;, possedente (7) gruppi (e non 
pid) contenuti parzialmente in una serie lineare g/f-}4, 
generica. (III) Dicendo T e T* le matrici degli interi 
caratteristici della corrispendenza di cui all’enunciato prece- 
dente, si consideri su C (su D) una serie y3~* avente per 
immagine, sulla relativa jacobiana, la intersezione di h 
varieta intermediarie del sistema {7~,Jo7*} (del sistema 
{7_seT}). Se questa ha p! gruppi (e non pid) a commune 
con p—h serie lineari g35"1, le due curve sono birazionalmente 
equivalenti. J. A. Todd (Cambridge, England). 


Severi, Francesco. Sopra una proprieta topologica fonda- 
mentale delle superficie algebriche. Boll. Un. Mat. Ital. 
(2) 5, 209-216 (1943). 

Every element of the fundamental group of an algebraic 
surface f or of f—D, where D is an algebraic curve on f, is 
equivalent to a (singular) 1-sphere on a general plane sec- 
tion of f or of f—D, respectively. This result, due essen- 
tially to Picard and Lefschetz, is now proved again, with 
due attention given to the deformation processes assumed 
in the original proofs. [It may be pointed out that complete 
proofs have already been given by van Kampen, Amer. J. 
Math. 55, 255—260 (1933), and, in a more general case, by 
the reviewer, Ann. of Math. (2) 38, 131-141 (1937). ] 

O. Zariski (Urbana, IIl.). 


Severi, Francesco. Sulla classificazione delle rigate alge- 
briche. Univ. Roma e Ist. Naz. Alta Mat. Rend. Mat. 
e Appl. (5) 2, 1-32 (1941). 
The problem of the classification of nonrational scrolls in 
a given linear space is examined. Several interesting ques- 
tions which arise are left unsolved “per incitare qualche 
discepolo a trattarle.”” D. Pedoe (Cambridge, England). 


Chariar, V.R. On a certain scroll associated with a net of 
quadrics. J. Indian Math. Soc. (N.S.) 9, 105-108 (1945). 


Basaly, W. A. The uniformisation of certain hyperelliptic 
curves. Proc. Math. Phys. Soc. Egypt 3 (1945) 1-6 
(1946). (English. Arabic summary) 4a\ 

This note deals with the uniformization of the hyper- 
elliptic curves u?=2****+-a2'+ 82+. Each uniformizing 
variable is the quotient of solutions of a differential equa- 
tion y”’+g(z)y=0. The explicit determination of g(z) and 
the boundary conditions for given a, 8, 7 and m is an un- 
solved problem. The author states some conditions on g(z) 
which may lead to a solution of the problem. The conditions 
are a formal generalization of assumptions which are valid 
for n=1. O. F. G. Schilling (Chicago, IIl.). 


Chisini, Oscar. Sulla rappresentazione analitica di una 
funzione algebrica di due variabili nell’intorno di un 
punto cuspidale della curva di diramazione. Ist. Lom- 
bardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 4(73), 428- 
434 (1940). 

Let the origin be a simple point of an algebraic surface 
f(x, y, 2) =0 and let (0, 0) be an ordinary cusp of the branch 
curve D (in the (x, y)-plane) of the function z defined by 
f=0. In the neighborhood of (0, 0) the equation of D is of 
the form (y— ¢(x))*—P*(x), where ¢(x) and P(x) are suit- 
able holomorphic functions, zero at x=0. Let » be a root 
of the equation 7*'—3P7+2Q=0, where Q=y— (x). Then 
the neighborhood of the origin on the surface f is given by 
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an expansion of the form z=) s.o@,n", where the a, are 
uniform functions of x in the neighborhood of x =0. 
O. Zariski (Urbana, IIl.). 


Di Bella, Nunziata. 
forme. 
(1942). 
This paper deals with determinantal manifolds of point- 

sets G,, each consisting of one point from each of ¢ given 
projective spaces; it is an application of what Giambelli 
has called the Roberts-Vahlen symbolic formula, relevant 
to the numerical characters of manifolds given by the van- 
ishing of determinants of highest order of a matrix. The 
intersection of a general set of such manifolds, all derived 
from two-rowed matrices, is considered, and its numerical 
characters are calculated. J. G. Semple (London). 


Caratteri geometrici di matrici di 
Atti Accad. Gioenia Catania (6) 5, no. II, 9 pp. 


‘Segre, B. Un’estensione delle varieta di Veronese, ed un 
principio di dualita per forme algebriche. I. Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 
313-318 (1946). 

} Segre, B. Un’estensione delle varieta di Veronese, ed un 
principio di dualita per forme algebriche. II. Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 
559-563 (1946). 

The author considers the totality of primals of order n 

in S, (r=1, n=2). This totality is an S,, where 

p=faui—1=('t")—1. 

The aggregates of primals having an assigned h-ple point P 

or containing a given prime g to multiplicity »—h+1 are 

represented by linear spaces x, and x, of dual dimensions 

p—r, and r,—1. As P, g vary these spaces describe algebraic 

systems ,, ¥,. The systems %, for r=1, n2=2 and W, for 

r=1, n=2 fill the whole S,; in every other case these sys- 
tems #,, Y, generate algebraic varieties in S, of dimensions 
p+r—r, and r+r,—1. 

The author proves the following theorems. For 
2S=hZSk=n, %, has order (r,),(n—h+1)*" and contains 
with multiplicity (e—A+-1)’. For 1=h<kSn, Y, has order 


(r-+r.—1)-(n—h+1)" 


and is a locus of multiplicity (e—h+1)" on % (where k<n 
if r=1). The system % contains the variety of osculating 
S,-«’s of Y,, and coincides with this variety in the cases 
r=1;r=2;h=1;7r=3, h=2, R=3;7r=3, h=2, 3, R=4; and 
in these cases only. The homographies in S, which keep any 
one of the varieties @, W fixed form a continuous © "‘*+*) 
group, and keep fixed all the other varieties of the set. The 
generating spaces of #, and W% are transformed into each 
other by a continuous group of «"‘"+*) correlations which 
include (+) polarities with respect to quadrics. When 
r is even there are no other involutory transformations of 
®, into ¥,; when r is odd there is a further system of dimen- 
sion }(r+1)(r—2), which are polarities with respect to 
quadrics or null-systems according as m is even or odd. The 
oo *(r+2) collineations and correlations correspond to the 
collineations and correlations in S,; and in terms of these 
the author gives a concise interpretation in S, of the rela- 
tion of apolarity as follows. Let f be a primal of degree n, 
¢@ an envelope of class , @ an arbitrary correlation in S, 
and © the corresponding correlation in S,. Then f is apolar 
to ¢ if, and only if, the prime into which the point corre- 
sponding to f is transformed by © contains the point 
corresponding to the primal into which ¢ is transformed by @. 
J. A. Todd (Cambridge, England). 








Segre, B. Sui sistemi continui di ipersuperficie algebriche. 
Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 
1, 564-570 (1946). 

The author’s object in this paper is a precise formulation 
and rigorous proof of the theorem that a V,_; variable in a 
linear system on a V, cannot have a variable multiple point 
at a simple point of V,. His result is as follows. If f is a 
V,.1 varying in a linear system and having for limit a 
V,—1 fo, in such a way that an h-ple point P (h=2) of f tends 
to a simple point Py of V, of multiplicity k(=h) for fo, then 
any limiting position F, of the pencil F determined by f 
and f, has P» as a point of multiplicity not less than h—1. 
The theorem is proved first when V, is a linear space and 
is obtained by a discussion of the singular loci of the variety 
*, which represents primals in S, of fixed order with a point 
of multiplicity h [see the preceding review ]. The extension 
to any base-manifold V, is accomplished by means of a 
simple lemma (the actual details of the application not 
being given) which reduces the problem of V,; on V, to 
one of primals in the ambient space. J. A. Todd. 


Vest, M. L. An involutorial space transformation associ- 
ated with a Q,,, congruence. Duke Math. J. 13, 401- 
409 (1946). 

L’auteur compléte un travail de De Paolis sur le méme 
sujet [Atti Accad. Lincei. Rend. (4) 1, 735-742, 754-758 
(1885) ]. Etant données une courbe plane r d’ordre n ayant 
un point A d’ordre n—1, et une droite s passant par A, les 
sécantes communes a r et s forment une congruence linéaire. 
[De Paolis prenait le cas d’une courbe gauche et une droite 
n—1 fois sécantes.] Etant donné d’autre part un faisceau 
de surfaces F d’ordre m ayant s multiple d’ordre m—2 et 
une courbe base g d’ordre 4m —4, Il’involution J est définie 
ainsi: par un point P passent une droite de la congruence 
et une surface du faisceau, qui ont hors de s un seul point 
commun P’ autre que P. 

L’auteur étudie en détail, par voie analytique pure, la 
transformation P—P’ qui est d’ordre 2m+2n—1. Les 
courbes fondamentales sont r, s, g; le point A est fonda- 
mental de seconde espéce. Les 6m-+-6n—10 cordes de g qui 
appartiennent 4 la congruence sont des courbes parasites. 
L’exposé se termine par l’examen du cas od les tangentes 
en A ar ne sont pas toutes distinctes. L. Gauthier. 


Huff, G. B. An arithmetic characterization of proper char- 
acteristics of linear systems. Amer. J. Math. 68, 681- 
688 (1946). 

Continuing his investigations [Bull. Amer. Math. Soc. 
52, 287-291 (1946); these Rev. 7, 479] of solutions (x) 
of Cremona’s equations, xo?—x,*—x,*— ---—x,?=d+p—1, 
3x9 —%1—X%2.— +--+ —x,=d—p+i1, the author shows that 
for (p, d)=(0, 0), (0, 1), (0, 2), (1, 1), (1, 2), aris (1, 7) 
every solution in nonnegative integers, which satisfies 
loxo —hyx1 —lexe — - - - —1,x,20 for all proper (J) with p=d=0 
and lo<x, is proper. (A proper solution is one which.is the 
characteristic of a linear system of plane curves of genus p 
and dimension d.) The same result holds for (p, d) = (1, 0) 
provided xo, xi, - - -, x, have no common factor greater than 1. 

R. J. Walker (Ithaca, N. Y.). 


Miglio, Maria. Una classe di r-complessi di rette dell’ S,. 
Atti Accad. Gioenia Catania (6) 4, no. XI, 9 pp. (1940). 
If =, =’ are two fixed primes (hyperplanes) of S, and if 

(A), (A’) are fixed stars of lines in 2, 2’, respectively, then 

any (a, a’) algebraic correspondence 2 between rays of (A) 

and rays of (A’) determines an r-complex (’-system) of 
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lines of S, which meet corresponding rays of the two stars. 
The order, classes and singularities of this r-complex are 
investigated. When © is a collineation, it reduces to a tetra- 
hedral complex for r=3, to the pentahedral complex of 
Aprile for r=4, and to Benneti’s complex for general r. 


J. G. Semple (London). 


Marietta, Giuseppe. Curve, superficie, varieta ultraspaziali. 
Atti Accad. Gioenia Catania (6) 4, no. XXII, 16 pp. 
(1940). 

In this geometry a point of absolute space, denoted by 
S_o, has infinitely many homogeneous coordinates, being 
identified, to within an arbitrary constant multiplier, with 
an infinite succession of complex numbers (x;, x2, ---), of 
which one at least must not be zero. The rules appear to 
be that (i) no definitions are admitted which would intro- 
duce questions of convergence of series and (ii) only such 
homographies of S_» are to be considered as are given by 
systems of (infinitely many) linear equations (for the x,’ in 
terms of the x;) as can be solved (for the x; in terms of 
the x,’) successively, or by finite blocks, in an infinite 
sequence of finite operations. In accordance with (i) a prime 
of S_», called an S_;, is the totality of points which satisfy 
an equation of the form a:x,+---+a x,=0, where k is 
finite and at least one a; is not zero; and an ultraspace of 
rank r, denoted by S_,, is the intersection of r linearly 
independent primes of S_o. A normal aggregate a_, of S_, 
(analogous to a proper (k+-1)-simplex of S,) is an infinite 
set of points of S_, (not contained in any S_,.:) such that, 
if any one of its points is removed, the rest lie in an S_,.1; 
and an aggregate a_,,, of order s in S_, is any set in this 
space which can be reduced to an a_, (=a_,,-,4:) by dis- 
carding certain s+r—1 points of itself. If A; is the funda- 
mental point of which all the coordinates except x; are zero, 
the set (A, Az, ---) is an a»; an a_, is obtained by dis- 
carding any r of its points; and aggregates based on such 
normal aggregates and on their homographic transforms are 
regarded as known. 

An ultraspatial curve of S_, is defined as a class of points 
which is met by any prime (S_,_, of S_,) in an aggregate 
of fixed order; and it is termed irreducible in virtue of a 
theorem which states that two aggregates do not form an 
aggregate unless they have all but a finite set of points in 
common. The basis of the above definition is the construc- 
tion of a single type of ultraspatial curve, the “rational 
normal” curve of S_,, which fulfils the condition. This is 
generated as the locus of intersections of corresponding rays 
of two homographic ultra-point-stars of S_,. Such a curve, 
for example, with r=0, is the locus of the point 


(: a2 a3 a ) 

"d2—0' a3—0 a4—0 

as @ varies, and it is plainly met by any prime in an aggre- 
gate (of order 0) which differs from the normal aggregate 
(As, As, «*~-) only in having a finite number of points of the 
latter replaced by other points. 

A pair of homographic ultra-line-stars of S_, define, in 
the same way, a (ruled) ultraspatial surface of S_,, locus 
of intersections of corresponding planes of the stars, and 
this is met by S_,.’s of S_, in aggregates of fixed order 
—r—1, of which any two differ only in a finite group of 
points. This leads to formal definitions of ultraspatial sur- 
faces and manifolds generally; and the rest of the paper is 
taken up with various properties of such manifolds which 
follow from the definitions. This paper is essentially a devel- 








opment of the ideas set out in detail in the author’s previous 
work [same Atti (5) 14, no. X (1925)] and the reader's 
familiarity with this work is assumed throughout. 

J. G. Semple (London). 


Carbonaro, Carmela. Geometria dell’ultraspazio rigato. 
Atti Accad. Gioenia Catania (6) 5, no. VII, 8 pp. (1942). 
This paper is a preliminary investigation of line-geometry 

in ultraspaces, based on Marletta’s work (cf. the preceding 

review |. A k-complex of S_, is defined by the property that 

those of its lines which pass through a general point of S_, 

form a cone of dimension k+r+221; and the complex is 

said to be of the first or second type according as the cone 
is an ordinary hyperspatial algebraic manifold or an ultra- 
spatial manifold. Its order, in either case, is the order 

(ordinary or ultraspatial) of the cone in question. Singular 

points, of various species, are defined for each type. 

Many examples are given, including a construction by 
which, from any ordinary h-complex of order n in an S_,; of 
S_,, there can be derived (—r+h4—1t)-complexes, of the first 
type, of order n in S_,, for each of which every point of a 
certain S_,;. is a singular point of species ‘—1. Again the 
lines of S_, which meet a fixed S_,.. and a fixed ultra- 
spatial manifold W, generate a (—r—1)-complex, which is 
of the first or second type according as W, meets S_,;_, in 
an infinite aggregate or only in a finite set of points. Another 
(—r—1)-complex of the first type is generated by the lines 
which join corresponding points of two distinct homo- 
graphically related S_,.’s of S_, (generalization of a Hirst 
congruence); and a (—r)-complex of the second type (and 
of order —r—1 in general) is generated by the joins of 
points which correspond in a homographic transformation 
of S_, into itself (generalization of a tetrahedral complex). 
Finally the lines of S_, which are cut in harmonic pairs by 
two ultraquadrics generate a (—2r —3)-complex, of the sec- 
ond type, of order 2. J. G. Semple (London). 


Berzolari, Luigi. Sulla curva sghemba del quinto ordine 
dotata di tre tangenti doppie. Ist. Lombardo Sci. Lett. 
Cl. Sci. Mat. Nat. Rend. (3) 4(73), 545-568 (1940). 


Berzolari, Luigi. Sulle relazioni tra la configurazione del 
pentaedro e quella del quadrilatero piano. Ist. Lombardo 
Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 7(76), 185-190 
(1943). 


Berzolari, Luigi. Sui gruppi polari. Boll. Un. Mat. Ital. 
(2) 5, 216-219 (1943). 


Bompiani, Enrico. Alcune corrispondenze particolari fra 
due superficie dello spazio ordinario. Ist. Lombardo 
Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 6(75), 393-395 
(1942). 


Bonera, Piero. Sulle superficie razionali di S, aventi un 
assegnato numero di punti doppi impropri. Ist. Lom- 
bardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 4(73), 281- 
317 (1940). 


Bonera, Piero. Sulle superficie razionali di S, con uno o 
due punti doppi impropri. Ist. Lombardo Sci. Lett. Cl. 
Sci. Mat. Nat. Rend. (3) 4(73), 650-656 (1940). 


Casadio, Giuseppina. Sopra alcune trasformazioni pseudo- 
cremoniane. Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. 
Rend. (3) 7(76), 325-336 (1943). 
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Chisini, Oscar. I punti singolari di una curva algebrica 
definiti mediante un prodotto di sostituzioni. Ist. Lom- 
bardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 5(74), 437- 
445 (1941). 


Dedd, Modesto. Classificazione delle z,,' di ordine primo 
appartenenti ad una curva ellittica e risolubili per radicali. 
Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 
4(73), 10-18 (1940). 


Dedd, Modesto. Costruzione delle z,' di ordine primo, 
appartenenti ad una curva ellittica e risolubili per radicali. 
Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 
4(73), 248-262 (1940). 


Dedd, Modesto. Caratterizzazione mediante il loro gruppo 
jacobiano delle g,' generate sopra una retta dai gruppi 
finiti di projettivita. Ist. Lombardo Sci. Lett. Cl. Sci. 
Mat. Nat. Rend. (3) 6(75), 587-598 (1942). 


Franchetta, Alfredo. Sulle superficie regolari di genere 
uno, con curva canonica d’ordine zero. Ist. Lombardo 
Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 6(75), 599-609 
(1942). 


[ Gigli, Clotilde. La “piccola variazione” di una coppia di 
piani nella generazione di curve algebriche reali sopra 
una quadrica a punti reali. Ist. Lombardo Sci. Lett. 
Cl. Sci. Mat. Nat. Rend. (3) 4(73), 327-348 (1940). 

Brusotti, Luigi. La “piccola variazione” di una coppia di 
piani nella generazione di curve algebriche reali sopra 
una quadrica a punti reali. Ist. Lombardo Sci. Lett. 

_ Cl. Sci. Mat. Nat. Rend. (3) 4(73), 349-354 (1940). 





Galafassi, Vittorio Emanuele. I tipi di superficie cubica 
generale reale dedotti per piccola variazione da superficie 
cubiche riducibili. Ist. Lombardo Sci. Lett. Cl. Sci. Mat. 
Nat. Rend. (3) 5(74), 17-29 (1941). 


Galafassi, Vittorio Emanuele. Le C™ reali della superficie 
cubica generale reale dotate del massimo numero di 
circuiti. Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. 
Rend. (3) 5(74), 515-547 (1941). 


Galafassi, Vittorio Emanuele. Sulle C™ reali della super- 
ficie cubica generale reale intersezioni complete o quasi. 
Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 
6(75), 366-372 (1942). 


_ Galafassi, Vittorio Emanuele. Casi notevoli di configu- 
razioni per i circuiti di C” reali sopra superficie cubiche 
generali reali. I. Ist. Lombardo Sci. Lett. Cl. Sci. 
Mat. Nat. Rend. (3) 6(75), 487-504 (1942). 

) Galafassi, Vittorio Emanuele. Casi notevoli di configu- 
razioni per i circuiti di C” reali sopra superficie cubiche 
generali reali. II. Ist. Lombardo Sci. Lett. Cl. Sci. 
Mat. Nat. Rend. (3) 8(77), 105-136 (1944). 





Grasso, Pietro. Sulle coppie di coniche, non complanari, 
aventi due punti comuni. Atti Accad. Peloritana. Cl. 
Sci. Fis. Mat. Biol. (2) 5(42), 151-160 (1940). 


Manara, Carlo Felice. Semplice deduzione sintetica delle 
proprieta metriche di una notevole cubica piana. Ist. 
Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 5(74), 
37-40 (1941). 





Masotti Biggiogero, Giuseppina. Sul comportamento della 
hessiana in un caso semplice di singolarita straordinaria. 
Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 
5(74), 317-324 (1941). 


Masotti Biggiogero, Giuseppina. Sulla riducibilita di una 
particolare corrispondenza algebrica. Ist. Lombardo Sci. 
Lett. Cl. Sci. Mat. Nat. Rend. (3) 6(75), 513-516 (1942). 


Masotti Biggiogero, Giuseppina. Sul minimo numero di 
intersezioni di una curva con la sua hessiana. Ist. Lom- 
bardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 7(76), 256- 
260 (1943). 


Masotti Biggiogero, Giuseppina. Sul comportamento della 
hessiana. Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. 
Rend. (3) 7(76), 271-280 (1943). 


Palatini, Attilio. Sopra le varieté diclasse uno. Ist. Lom- 
bardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 5(74), 293- 
304 (1941). 

Explicit conditions for an n-dimensional variety to be a 
hypersurface. From the author's summary. 


Pompili, Giuseppe. Osservazioni sui piani tripli. Ist. 
Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 5(74), 
263-279 (1941). 


Pompilj, Giuseppe. Sulle superficie algebriche le cui curve 
canoniche posseggono una g;'. Ist. Lombardo Sci. Lett. 
Cl. Sci. Mat. Nat. Rend. (3) 5(74), 280-286 (1941). 


Tonolo, Angelo. Determinazione di una classe di varieta 
riemanniane normali a tre dimensioni. Ist. Lombardo 
Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 5(74), 113-124 
(1941). 





Differential Geometry 


Hubeny, Karl. Interpolationstafeln fiir Abbildungsfunk- 

tionen. Z. Vermessungswesen 73, 149-156 (1944). 

The author considers power series relations between plane 
and geographical sets of coordinates, and discusses an inter- 
polation method for determining approximations to one set 
when the other is given. E. F. Beckenbach. 


Allard, Pierre. Projection conforme de déformation minima 
au voisinage d’une courbe. Application au calcul de la 
correction de Givry. C. R. Acad. Sci. Paris 223, 1103- 
1105 (1946). 


x Artzy, Rafael. Minimum nets in abstract webs. Sum- 
mary of a thesis, Hebrew University, Jerusalem, 1945. 
11+3 pp. (Hebrew. English summary) 

This review is based on the English summary. According 
to Blaschke, an abstract n-web consists of two sets of ele- 
ments, “points” and “curves.” The set of the curves is 
subdivided into m families so that each curve belongs to 
exactly one of them. An “incidence” between the points and 
the curves satisfies the following axioms. Each point lies on 
exactly one curve of each family. Two curves of different 
families have exactly one point in common [cf. Blaschke 
and Bol, Geometrie der Gewebe, Springer, Berlin, 1938, pp. 
33-34 |. Given two different points on the same curve of an 
n-web, a “minimum a-web” is the intersection of all the 
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sub-n-webs that contain the two points; a “minimum net” 
is the set of the points of a minimum n-web. The purpose 
of this thesis is “the construction and investigation of 
minimal nets in some of the most important types of webs.”’ 

A (concrete) “parallel n-web” consists of n families of 
parallel straight lines in a plane and their intersections 
(n=3). It is “hexagonal,” i.e., all the “Brianchon hexagons” 
formed by any sub-3-web are closed [cf. Blaschke and Bol, 
op. cit., p. 10]. On the other hand, all the hexagonal n-webs, 
with one exception, can be mapped topologically on parallel 
n-webs [cf. Blaschke and Bol, op. cit., § 12]. The author 
seems to study some kind of abstractly defined parallel 
n-webs. In the case n =3, “the [minimum? ] net is a lattice. 
Its points are in H correspondence to all pairs of integers. 
To secure all incidences, the closure of Brianchon’s hexagon 
suffices.” This sounds like an abstract analogue of the 
special case n=3 of the quoted theorem. Similar results 
seem to have been obtained for »>3. A 4-web consisting 
of a parallel 3-web and a pencil of straight lines is also 
discussed. “All these results are obtained by means of [a ] 
suitable algebraization [which ] leads to isomorphisms with 
nets in corresponding webs of straight lines in [a] plane. 
By adding axioms of continuity, we may show these iso- 
morphisms to be, in a sense, topological representations.” 

P.. Scherk (Saskatoon, Sask.). 


Bouligand, Georges. Sur l’élimination d’hypothéses acces- 
soires en géométrie infinitésimale. Ann. Univ. Lyon. 
Sect. A. (3) 5, 1-20 (1942). 

Lecture to the Société Mathématique de France. 


Bouligand, Georges. Sur les liaisons isométriques. Revue 

Sci. 84, 220-223 (1946). 

The author gives an application of the ideas presented in 
a previous paper [Revue Sci. 83, 131-144 (1945); these 
Rev. 8, 90]. He discusses a pair of families of curves 
in 3-space, each family depending on a certain number of 
parameters; the two families are related in such a way 
that whenever a moving curve in the first family generates 
a surface S,, the corresponding curve in the second family 
generates a surface S:, which is isometric to 5S. 


H. Samelson (Ann Arbor, Mich.). 


Sen Gupta, B. K. On the aberrancy curve. J. Indian 

Math. Soc. (N.S.) 9, 77-79 (1945). 

The locus of the centers of conics having contact of the 
third order with a given plane curve at a given point is a 
straight line through the point, called the line of aberrancy. 
The center of the osculating conic lies on this line and is 
called the center of aberrancy. Its locus, as the given point 
moves on the curve, is the curve of aberrancy. Some further 
properties of the aberrancy curve are discussed. 

Extract from the paper. 


Pernet, Roger. La cyclide de Dupin 4 déférentes para- 
boliques. Ann. Univ. Lyon. Sect. A. (3) 2, 63-75 (1939). 


Araujo, Roberto. Evolute of a developable surface. Re- 

vista Mat. Hisp.-Amer. (4) 6, 164-170 (1946). (Spanish) 

Il est montré comment, a partir de la considération de la 
quadrique osculatrice en un point d’une surface et du con- 
cept de ligne de courbure, on peut démontrer synthétique- 
ment certaines des propriétés des surfaces polaires d'une 
courbe gauche. Aprés avoir déduit des propriétés de la 
quadrique osculatrice que, si deux surfaces sont tangentes 
tout le long d’une ligne, cette ligne est de courbure pour les 





deux surfaces si elle l’est pour l'une, l’auteur retrouve la 
définition des lignes de courbure comme lignes le long 
desquelles les normales a la surface forment une dévelop- 
pable; il établit ensuite le théoréme de Dupin sur les sys- 
témes triplement orthogonaux de surfaces, puis, passant aux 
surfaces polaires des courbes gauches, il en retrouve la 
plupart des propriétés classiques. P. Vincensini. 


Mineo, M. Sopra una classe di curve e sopra certe rappre- 
sentazioni equivalenti delle superficie. Atti Accad. Naz. 
Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 62-65 (1946). 
P. Vincensini a étudié les courbes (et les surfaces) de 

espace auxquelles on peut imprimer un mouvement a un 

paramétre au cours duquel les courbes (ou les surfaces) 
décrivent des aires (ou des volumes) proportionnels aux arcs 

(ou aux aires) des cloisons qui les engendrent [ Bull. Soc. 

Math. France 61, 186-208 (1934); Ann. Fac. Sci. Univ. 

Toulouse (3) 23, 61-89 (1931); Enseignement Math. 37, 

148-172 (1938) |. L’auteur de la note actuelle compléte cer- 

tains résultats relatifs aux courbes ci-dessus (qu'il appelle 

pour abréger courbes de Vincensini). Dans le troisiéme 
article signalé, P. Vincensini considére plus particuliérement 
celles de ces courbes pour lesquelles le mouvement réalisant 
la proportionnalité des aires décrites aux arcs correspondants 
est une rotation autour d’un axe, et il utilise ces courbes 
pour représenter avec équivalence (conservation des aires) 
une surface de révolution sur une autre du méme type. 
Dans la note actuelle l’auteur montre, qu’en prenant I’arc 
pour paramétre et en se donnant arbitrairement une cer- 
taine fonction, deux des trois fonctions définissant la courbe 
de Vincensini la plus générale (eu égard aux rotations) se 
déterminent algébriquement, la troisiéme étant donnée par 
une simple quadrature. Passant ensuite a la représentation 
équivalente d’une surface de révolution sur une autre sur- 
face de révolution de fagon que deux familles de courbes de 

Vincensini se correspondent sur les deux surfaces, il donne 

la solution compléte de ce probléme, qui dépend de deux 

fonctions arbitraires d’un méme argument. 
P. Vincensini (Besancon). 


Silva, G. Curvatura relativa a una data direzione o ad un 
punto dato di una linea qualsiasi. Atti Accad. Naz. 
Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 251-253 (1946). 
The author defines the curvature of a space curve relative 

to a fixed point or a fixed direction. Consider a plane or 

skew curve / of ordinary space. Denote by & the (first) 
curvature at a general point P of / and let m be the unit 

principal normal vector. Let O be a fixed point and let M 

be the unit vector connecting O and P. The curvature K 

of the curve / relative to the point O is defined as kn- M. 

The author obtains the most general expression for this 

relative curvature K by means of inner and outer products 

of vectors. 

If r is the distance from the fixed finite point O to the 
variable point P on the curve / and s is the arc length meas- 
ured from a point P, of J, then K=r—{1—4$d*(r*)/ds*}. 
Various other formulas are given. J. DeCicco. 


Silva, G. Linee che hanno costante la curvatura relativa a 
una data direzione o a un punto fisso. I. Atti Accad. 
Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 466-471 
(1946). 

In the paper reviewed above the author defined the curva- 
ture K of a curve relative to a fixed point or a fixed direction. 
He now begins the study of the curves / for which K is the 
same for all points P on /. This problem can be reduced to 
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the study of plane curves I’ where the plane of I’ contains 
the fixed direction M or passes through the fixed point O. 

First consider the case of constant K relative to a fixed 
direction M. If K=0, the curve is a straight line in the 
plane or a helix in space. If K+0, the curve is a cycloid 
whose generating circle rotates on a line perpendicular to 
the direction M. 

Next consider the case of constant K relative to a fixed 
point O. In space, if K=0, the curve is a straight line or a 
geodesic of a cone I with vertex at the point O. For K#0 
the problem leads to differential equations whose solutions 
are in general not expressible in terms of elementary func- 
tions. Two particular cases are noted. J. DeCicco. 


Silva, G. Linee che hanno costante la curvatura relativa a 
una data direzione o a un punto fisso. II. Atti Accad. 
Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 472-478 
(1946). 

The author continues his discussion begun in the paper 
reviewed above. The curves for which the curvature K 
relative to the fixed point O is a nonzero constant are 
divisible into three types. By studying the variation in the 
distance r from the fixed point O and the (first) curvature k, 
the author is able to give graphical illustrations of the three 
types. J. DeCicco (New York, N. Y.). 


Boaga, Giovanni. Il trasporto delle coordinate curvilinee 
lungo un arco di geodetica in alcuni casi particolari 
interessanti la geodesia. Ist. Lombardo Sci. Lett. Cl. 
Sci. Mat. Nat. Rend. (3) 6(75), 649-656 (1942). 
Levi-Civita studied the problem of displacing the curvi- 

linear coordinates of a point along a given curve of a plane 

[Rend. Sem. Mat. Fis. Milano 12, 1-33 (1938) ]. Tonolo 

generalized this to displacement along a curve on any sur- 

face [ibid. 13, 35-57 (1939)]. The author considers the 

problem of displacing the curvilinear coordinates along a 

geodesic of a given surface. Applications are made to geog- 

raphy and cartography. Let (u,v) be the Gaussian curvi- 
linear coordinates of a point P on a general surface S. Let 

g be a geodesic of S and let @ be the angle between g and the 

parametric curves v=constant. Let s be the length of arc 

of the geodesic g from a fixed point Po(m,%) of g to a 

variable point P(u, v) of g. The author develops the formu- 

las for the curvilinear coordinates (u,v) and the angle @ of 
the point P as functions of the curvilinear coordinate s. The 
developments include the third order of differentiation. 
When the parametric curves are orthogonal, F=0, the 
formulas assume a simpler form. Other particular cases are 
the following: (a) F=0, E= E(v), G=G(u); (b) F=0, E and 

G functions of only one curvilinear coordinate, EG; 

(c) the case where (u,v) are isothermal coordinates on the 

surface S; (d) the case where S is applicable to a surface 

of revolution and (u,v) are isothermal coordinates on S. 

J. DeCicco (New York, N. Y.). 


Rollero, Aldo. Sulle tangenti asintotiche di una superficie 
uscenti dai punti dell’intorno del 1° ordine di un punto di 
questa. Rend. Sem. Fac. Sci. Univ. Cagliari 15, 61-65 
(1946). 


Facciotti, Guido. Asfericita e curvatura di Gauss in un 
punto ordinario di una superficie. Ist. -Lombardo Sci. 
Lett. Cl. Sci. Mat. Nat. Rend. (3) 6(75), 176-178 (1942). 
If p; and pg are the principal radii of curvature of a sur- 

face at an ordinary point on the. surface the scalar 





a*=1—(p,/p:) is called the “asphericity” of the surface at 
the point. This concept was introduced by Cisotti [Pont. 
Acad. Sci. Acta 1, 1—7 (1937)]. In this note a simple rela- 
tion is established between a and the total curvature 
G=1/pip: of Gauss. E. T. Davies (Southampton). 


Drach, Jules. Sur les lignes d’osculation quadrique des 
surfaces. (Lignes de Darboux). C.R. Acad. Sci. Paris 
224, 309-312 (1947). 

A quadric having contact of the second order with a sur- 
face at an ordinary point of the surface will intersect it in a 
curve with a triple point at the point of contact. The direc- 
tions in which the three tangents may coincide are the 
directions at the point of the “‘Darboux curves.” The differ- 
ential equation of these curves is found in rectangular 
coordinates and also with reference to the asymptotic curves, 
where it reduces to the form Adu*+ Bdv*=0. The Darboux 
curves are found for two particular surfaces. 


W. Givens (Chicago, IIl.). 


Myller, A. Une surface remarquable engendrée par la 
tractrice. Ann. Sci. Univ. Jassy. Sect. I. 26, 390-393 
(1940). 

Let a surface be generated by simultaneously rotating a 
tractrix about its asymptote and displacing it in the direc- 
tion of this axis of rotation. The author shows that one 
family of lines of curvature of this surface is the family of 
intersections with the planes through the asymptote, while 
the other family consists of the intersections with a family 
of spheres with centers on the asymptote. Similar results 
are established for envelopes of certain families of such sur- 
faces. There are two misprints: the equation of line 15, 
page 391 has a radical sign omitted, and equation (6), page 
392, should not be set equal to zero. S. B. Jackson. 


Myller, A. La courbe Smi. Ann. Sci. Univ. Jassy. Sect. 

I. 27, 127-135 (1941). 

L’auteur donne une solution particuliére du probléme, 
posé par N. J. Hatzidakis [Intermédiare des Mathéma- 
ticiens 7, 8 (1900), question no. 1731] et non encore résolu, 
de la détermination des surfaces admettant une famille de 
lignes de courbure formée de courbes semblables. I1 con- 
sidére le cas od les lignes de courbure d’une famille sont 
dans des plans passant par un axe fixe Oz et deviennent 
homothétiques par superposition de leurs plans par rotation 
autour de I’axe. L’équation différentielle dont dépend le 
probléme est obtenue par application du théoréme de 
Joachimsthal. Elle est ensuite interprétée géométriquement, 
et les lignes de courbure I sections des surfaces envisagées 
par les différents plans issus de Oz (courbes que l’auteur 
appelle Smi) se trouvent caractérisées par la propriété que 
la distance de leur tangente 4 un point fixe est propor- 
tionnelle 4 la distance du point de contact a une droite fixe. 
L’article se termine par l'étude des diverses formes que 
peuvent affecter les courbes Smi dans les différents cas 
possibles. Lorsque le point fixe qui intervient dans la défini- 
tion géométrique des courbes Smi est sur la droite fixe 
correspondante, on obtient des courbes considérées 4 des 
points de vue différents par M. M. Turriére [Ann. Sci. Acad. 
Polytech. Porto 8, 242-248 (1913) ] et G. Julia [Exercices 
d’ Analyse, Gauthier-Villars, Paris, 1933, t. 3, probl. no. 13]. 

P. Vincensini (Besancon). 


Bogdan, C. P. Sulle linee asintotiche della superficie d‘ 
Steiner. Ann. Sci. Univ. Jassy. Sect. I. 28, 23-30 (1942). 
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Abramescu, Nicolas. Sur les tangentes de Darboux d’une 
surface. Ann. Sci. Univ. Jassy. Sect. I. 27, 283-288 
(1941). 

The object of this paper is to give a new characterization 
of the tangents of Darboux at a point of a surface. Let P,, 
P, P; be points of a curve C such that arc (P,P) =arc (PP). 
The limit of the intersection of the line P,P; with the recti- 
fying plane to C at P as P; approaches P is a point T on the 
tangent to C at P, called the characteristic point of C at P. 
This point T is determined by the formula MT =p/(dp/ds), 
where p and s are the radius of curvature of C at P and the 
arc length of C. This theorem is then applied to the normal 
sections of a surface S at O(0,0,0) whose equation is 
z=4F,(x, y)+3F:(x, y)+---. It is found that the locus of 
the characteristic points T of these normal sections is the 
rational cubic 3F2(x, y)+F3(x, y) =0. The tangents of Dar- 
boux join O to the points of inflection of this cubic. 

V. G. Grove (East Lansing, Mich.). 


Efimov, N. Invariant characteristics of certain nets and 
surfaces. Abh. Sem. Vektor- und Tensoranalysis [Trudy 
Sem. Vektor. Tenzor. Analizu | 5, 148-172 (1941). (Rus- 
sian) [MF 15610] 

In studying nets of curves on a surface the author uses 
the apparatus developed by J. Doubnoff [C. R. Acad. Sci. 
Paris 192, 261—264 (1931) | consisting of a symmetric tensor 
determined by the net up to a scalar factor and of a co- 
variant vector whose vanishing means that the net is a 
Chebyshev net. He finds a general expression for a net 
harmonic with a given net, in particular, with the net 
of lines of curvature, and uses this expression to give an 
invariant characterization of translation surfaces. He studies 
especially translation surfaces with an infinite number of 
generating nets; if such a surface is minimal its asymptotic 
net maps under spherical representation into a net of con- 
focal conics, and conversely. The rest of the paper is devoted 
to the study of deformations of a surface which preserve 
the conjugateness of a certain net; using a property of a 
Riccati system the author proves the existence of an invari- 
ant for four surfaces arising from a given one by such a 
deformation. For surfaces of Voss (here the net whose con- 
jugateness is preserved is geodesic) there exists an invariant 
of two surfaces. G. Y. Rainich (Ann Arbor, Mich.). 


Norden, A. On the invariants of conjugated nets. C. R. 
(Doklady) Acad. Sci. URSS (N.S.) 53, 495-498 (1946). 
On a surface referred to asymptotic parameters (u, v) whose 

projective element has the form ds =(Sdu*+-+ydu*) /2dtudov, 

consider a conjugate net N defined by the equation 
edu’ +-e—*dv =0. Nets which satisfy V=(vye’),.+(Be~*), =0 
are called stratifying. The Laplace-Darboux invariants of 
such a net satisfy the equation H+K =X+X. 

J. E. Wilkins, Jr. (Buffalo, N. Y.). 


Amato, Giuseppe. Sulle reti di traslazione. Atti Accad. 
Peloritana. Cl. Sci. Fis. Mat. Nat. (3) 4(46), 177-187 
(1944). 

If the developables of a congruence I intersect two sur- 
faces S and S’ in conjugate nets N, N’ with equal point 
invariants, and if each line of I intersects S and S’ in points 
harmonic to its focal points, then N and N’ are said to be 
in the relation of a transformation of Koenigs-Darboux. 
This note exhibits all nets N’ related by this transforma- 
tion to the conjugate parametric net N on the surface 
x'= U*(u)+ V‘(v), i=1, 2, 3, of translation. 

V. G. Grove (East Lansing, Mich.). 





*Hlavaty, Vaclav. Differentielle Liniengeometrie. Auto- 
risierte Ubersetzung aus dem Tschechischen Originaltext 
von Max Pinl. P. Noordhoff, Groningen, 1945. xxii+ 
568 pp. 

By using Pliicker coordinates, a straight line can be made 
to correspond to a point on a four-dimensional quadric in a 
five-dimensional projective space (called the K-quadric in 
K-space). The goal of this book is to study systematically 
the differential geometry of the K-quadric and its submani- 
folds and to carry the results back to the corresponding 
line-manifolds. For instance, a K-curve on the four-dimen- 
sional K-quadric, and with it the corresponding ruled sur- 
face, is determined by three curvatures. This point of view 
for differential line geometry has been investigated before 
in papers by W. Haack, K. Takeda and J. Kanitani [refer- 
ences on p. vii], but nowhere in as great detail as here. It is 
especially valuable in studying properties of ruled surfaces, 
line congruences and line complexes, and allows the author 
to carry through projective, affine and metric studies at the 
same time. However, the basic correspondence is hard to 
use in situations where the line is not considered the primary 
element, and questions which lead to point set studies are 
left practically untouched. The tensor calculus is used 
throughout the book; those parts of the tensor calculus 
which are needed in the text are presented concisely in a 
thirty-one page appendix. 

Here we can only touch-a few of the subjects covered in 
this detailed, thorough, clearly written text. In part one, 
pages 1—50, the basic correspondence is introduced and the 
theory of linear line-manifolds is studied. The concept of 
projective angle between two nonspecial complexes which 
determine a nonparabolic congruence is presented. In part 
two, pages 50-132, ruled surfaces are studied. They corre- 
spond to K-curves on the K-quadric. The Chasles correla- 
tion and Lie osculating quadric are presented, as are five 
specially selected complexes which satisfy Frenet equations 
containing three projective curvatures. Separate additional 
sections go further into the affine and metric aspects of the 
theory. In part three, pages 132—299, line congruences are 
studied. They correspond to K-surfaces on the K-quadric. 
First, fundamental concepts like elementary surface and 
focal surface are presented. Then, studying the K-surfaces 
without reference to their imbedding, tensors a». and g»- are 
introduced and their algebraic properties interpreted in 
affine and metric geometry. A metric, asymmetric, inte- 
grable connection is then considered and Frenet formulas 
for K-curves on the K-surfaces set up. Finally, the K-sur- 
faces are studied as submanifolds of the K-space and a 
conformal connection is introduced in a natural way. The 
algebraic properties of congruences whose K-images have 
five, four, or three-dimensional second osculating spaces are 
studied, as are the fundamental equations of Gauss, Wein- 
garten, Kiihne, and Codazzi-Mainardi. 

In part four, pages 300-469, complexes are studied. They 
correspond to three-dimensional manifolds on the K-quad- 
ric. The principal correlation for a line in a given complex 
is considered. Then a conformal connection is introduced, 
leading again to the construction of Weingarten, Gauss, 
Codazzi-Mainardi, and Kiihne fundamental equations. 
There follow detailed separate chapters on ruled surfaces in 
complexes, on line congruences in line complexes, and on 
ruled surfaces in line congruences in line complexes. In part 
five, pages 470-501, the line space is studied. Again funda- 
mental tensors and a conformal connection are introduced, 
and the fundamental equations of Weingarten, Gauss, and 
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Codazzi-Mainardi are derived. The line space is shown to 
be conformal Euclidean and its metric properties are studied 
in detail. 

There was an attempt to make the various parts of the 
book independent, and hence there is some repetition. There 
are well chosen problems of varying difficulty distributed 
throughout the text, all illustrating and carrying further 
the material under consideration. There is a fine index at 
the end. A. Schwartz (State College, Pa.). 


Vincensini, Paul. Sur les rotations et les homothéties de 
Pespace des congruences de droites. C. R. Acad. Sci. 
Paris 224, 258-259 (1947). 

Let the line congruences C of ordinary space be the ele- 
ments of a new space E. Consider a fixed congruence Cy of 
E and with each line Dy of congruence Cy associate the 
parallel lines D in the different congruences C of E. Let 
each line D be rotated about D, through an angle a, taken 
in a determined sense. Then each congruence C is carried 
into a new congruence. This transformation of E is called 
the rotation R¢,. These rotations form a group G. Those 
rotations taken about isotropic congruences constitute a 
subgroup Go, whose members leave invariant the limit dis- 
tance of each line of each congruence on which they act. 
If each line D of a congruence C is subjected to a homo- 
thetic transformation of ratio \ whose center is on Do, C is 
carried into a new congruence. This transformation of E is 
called the homothetic transformation H%,, of ratio \, center 
Co. These transformations form a group I. A subgroup I's 
of transformations whose centers are congruences with con- 
stant mean parameter plays a role somewhat like that played 
by the subgroup Go. The author will study the geometric 
applications of these ideas in a later paper. 

A. Schwartz (State College, Pa.). 


Schneidt, Max. Uber Strahlensysteme, auf deren Brenn- 
flichen die Gratlinien der Abwickelbaren Schattengrenzen 
bilden. Deutsche Math. 6, 177-192 (1941). 

[Fiir friihere Arbeiten des Verfassers itiber den Gegen- 
stand vgl. Monatsh. Math. Phys. 45, 237—250 (1937); 49, 
109-123 (1940); diese Rev. 2, 160.] Die Flache F werde 
von einer Lichtquelle beleuchtet, die eine Raumkurve 
V.(v) durchwandert. Auf F entsteht eine Schar von Schat- 
tengrenzen v=constant; die tangierenden Lichtstrahlen 
seien die Tangenten an die Schar u=constant. Die 
Flache F befriedigt eine Laplacesche Differentialgleichung, 
F,,.+aF,+bF,=0. Das von den Tangenten gebildete Sys- 
tem hat noch eine weitere Brennflache F,, und die Tangenten 
bringen auf F, eine Schar von Gratlinien u=constant her- 
vor ; es wird gefordert, dass auch diese Schar aus Schatten- 
grenzlinien besteht. Die Flache F' befriedigt eine zweite 
Laplacesche Gleichung und die beiden Gleichungen werden 
durch eine Laplacesche Transformation in einander iiber- 
gefiihrt. Diese hat in diesen Fall endliche Rangzahlen und 
die Rangsumme 3. Der Verfasser gibt explizite Gleichungen 
der Brennflachen. Er betrachtet auch den Fall von Brenn- 
flachen mit willkiirlicher (endlicher) Rangsumme. Er 
untersucht weiter wann das Strahlensystem ein Normalen- 
system oder ein Ribaucoursystem ist. Die Normalensysteme 
bestehen aus den Normalen der Flachen mit zwei Scharen 
ebener oder spharischer Kriimmungslinien. O. Bottema. 


Schneidt, Max. Uber Flichen mit endlichen Rangzahlen. 
Deutsche Math. 7, 500-517 (1944). 
Given a surface § and two conjugate systems of param- 
eter curves on it, the derived congruences of Darboux are 





used to define a chain of surfaces - - - §_2, ¥-1, ¥, Fi, Be °°, 
where § and §; are focal surfaces of a rectilinear congruence 
the lines of which are tangent to the curves »=constant on 
§ and to the curves u=constant on §:. This initial chain is 
said to be of finite rank sum r if it contains r+1 terms, the 
first and last surfaces degenerating into curves (finite or at 
infinity). Each surface in such a chain is said to be of finite 
rank number. Taking f to be a particular solution of the 
differential equation §..=aj}.+ 8%» satisfied by the vector 
of a point on § and f, to be a corresponding solution of the 
equation for %:, a new “transformed” chain ---, §/fu, 
&/f, :/fi, --- is defined and seen to be a chain of 
focal surfaces. A derived chain containing the surfaces 
C_1=9./fo=F-1/fa and €C=§./f.. = Fie/ fis is now defined 
and an “‘overlying”’ (iibergeordnete) chain is one having the 
initial chain as first derived chain. It is proved that, if the 
initial chain is of finite rank sum r, an overlying chain is of 
finite rank sum r+1 and its degenerate end terms are curves 
“at infinity.” 

The last two-thirds of the paper applies these concepts to 
chains overlying chains of rank sum three, to “lines of 
curvature systems”’ (rectilinear congruences the develop- 
ables of which cut a surface in its lines of curvature) and to 
surfaces of constant curvature. The author refers to his two 
earlier papers on this subject [Deutsche Math. 7, 75-78 
(1942) ; these Rev. 8, 229, and the paper reviewed above ]. 

W. Givens (Chicago, IIl.). 


Arghiriade, E. Géométrie axiale différentielle des courbes 
gauches. II. Ann. Sci. Univ. Jassy. Sect. I. 27, 31-77 
(1941). 

The author continues his investigations [same Ann. 24, 
465-510 (1938) ] of the properties of skew curves which are 
invariant under the subgroup of projective transformations 
which leaves invariant a given straight line called the abso- 
lute line. The principal tools are the point and tangential 
curvatures and torsions introduced in his first paper and a 
pencil of linear complexes containing four consecutive tan- 
gents of the curve. A wide variety of results, not conven- 
iently summarized, are obtained on cubic curves in various 
relations to the absolute line, on curves belonging to linear 
complexes, and on the spiral biaxial curves defined by the 
equations x;=cos u, X.=sin u, x3=cosh u, xy=sinh u. 

J. E. Wilkins, Jr. (Buffalo, N. Y.). 


Mayer, O. Biaxiale Differentialgeometrie der Kurven und 
Regelflichen. Ann. Sci. Univ. Jassy. Sect. I. 27, 327- 
410 (1941). 

This paper deals with the geometry of projective three- 
dimensional space with a given hyperbolic congruence. This 
means that we have a real fundamental bivector instead of 
a real fundamental tensor. After introduction of some fun- 
damental concepts, the first part contains the theory of 
curves. The second part contains the theory of ruled sur- 
faces. The chief results were communicated at the mathe- 
matical congress at Bucarest, 1937 [Bull. Math. Soc. 
Roumaine Sci. 40, 193-196 (1938) ]. J. A. Schouten. 


Bogdan, C. P. Nuove caratterisazioni e determinazioni di 
vari elementi attacati a un punto di una superficie. Ann. 
Sci. Univ. Jassy. Sect. I. 27, 99-106 (1941). 

Let a nonruled surface S be defined by the Fubini differ- 
ential equations Xu. =O.%.+Bx%et+ Px, Xov=YXutOex. +x, 
@=log (@y), and let C be a curve on S through P defined by 
dv/du=. The asymptotic ruled surfaces Ry), Ry) along C 
are the loci of the points y=px+x,, s=px+x,, the param- 
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eters of these surfaces being p and u. The tangent planes 
at y and z to the family of quadrics through the asymptotic 
tangents of S at P contain the tangents to p=constant (for 
every p) on Ry) and Ry) if and only if the quadric has the 
equation 2X2 -x4+2x4( — x1 — Bx2/h— yhxst+ hers) =0, x1, X2, Xa, Xe 
being local coordinates with respect to the tetrahedron 
(x, Xu, Xe, Xue). This pencil of quadrics Qa) depends only on 
the direction do/du =x. It is a quadric (—1, 0, 0, —1) in the 
notation of Grove [Bull. Amer. Math. Soc. 51, 281—287 
(1945); these Rev. 6, 216] and is the pencil of quadrics 
discovered independently by Hsiung [Duke Math. J. 11, 
59-64 (1944); these Rev. 5, 217]. The particular quadric 
of the pencil Qa) through the point M(m,, me, ms, 1) is that 
given by k,=m,—mym;+m.8/h+myzyr. Typical theorems 
resulting from these considerations may be stated as follows. 
The characteristic of the quadric Qq) through M is a conic 
Ca), whose plane intersects the tangent plane to S at P ina 
line ordinarily not the direction dv/du= or the conjugate 
direction. If, however, the direction dv/du= is a Darboux 
tangent, then the plane of Ca) passes through that tangent; 
if the direction is a Segre tangent, the plane of Ca) passes 
through the conjugate Darboux tangent. Moreover, let Qa) 
and Q,,) be two quadrics through M defined by conjugate 
directions; these quadrics intersect in a conic whose locus, 
as \ varies, is that particular quadric of Darboux through 
M;as M varies on a line, all of the quadrics of the Darboux 
pencil are obtained. V. G. Grove (East Lansing, Mich.). 


Salini, U. Un teorema sopra gli spigoli di Green di una 
superficie. Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. 
Mat. Nat. (8) 1, 58-61 (1946). 

The object of this paper is the following theorem. The 
collineation * = 2-2, where 7; and 7: are the polarities with 
respect to the quadric of Lie and the pencil of principal 
quadrics of a surface S at a point O [E. P. Lane, Amer. J. 
Math. 54, 699-706 (1932) |, has the second edge of Green 
as a line of double points and the first edge of Green as the 
support of a pencil of double planes. Moreover, in the pencil 
of principal quadrics there is one and but one quadric such 
that x is a biaxial homology having the edges of Green as 
axes. V. G. Grove (East Lansing, Mich.). 


Salini, U. Determinazione unitaria di enti proiettivi legati 
ad un punto di una superficie. Atti Accad. Naz. Lincei. 
Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 553-558 (1946). 

The object of this paper is to give simultaneous character- 
izations of the edges of Green, the directrices of Wilczynski, 
the canonical point and the canonical plane of a surface S 
at a point P. Let m, 7: be the null-systems established by 
the osculating twisted cubics of the asymptotic curves of S 
through P, and ¢ the polarity with respect to the pencil of 
principal quadrics. Let r=2,-¢ and x’ = x-¢. The collinea- 
tion x has double points P, A, B’, D and x’ has double 
points P, A’, B, D’. The points AA’ lie on one asymptotic 
tangent at P, and B, B’ lie on the other. These four points 
are independent of the parameter yu of the pencil of principal 
quadrics. The locus of D as yu varies is a line m, and the 
locus of D’ is a line m,’. The line AA’ is the second edge eé: of 
Green ; the line , joining B to B’ is a canonical line of the 
second kind intersecting ¢, in the canonical point C. The 
line PC is the canonical tangent &. The lines mz and m,' 
determined by A, B’ and A’B, respectively, intersect in a 
point H. The line a, joining C, H is a canonical line of the 
second kind. The harmonic conjugate of & with respect to 
l, and ¢é is the line a. The harmonic conjugate of e, with 
respect to /, and & is the second directrix of Wilczynski. 





Let ¢, l, a, be the polars of ¢2, 4, a with respect to the 
pencil of principal quadrics. The lines m, m,’ are the polars of 
mz and mz’. The plane of ¢;, |, is the canonical plane, the line 
@ is the first edge of Green, the harmonic conjugate of ¢, 
with respect to a; and /, is the first directrix of Wilczynski. 
V. G. Grove (East Lansing, Mich.). 


Masotti Biggiogero, Giuseppina. Sul rapporto delle curva- 
ture in relazione alle trasformazioni puntuali. Ist. Lom- 
bardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 4(73), 375- 
381 (1940). 

It is known [R. Mehmke, Z. Math. Phys. 36, 56-60 
(1891) ] that the ratio of the curvatures at a point O of two 
curves tangent at O is invariant under the projective trans- 
formation. If the transformation is not merely projective, 
but is a general point transformation ¢, the ratio of the 
curvatures is not ordinarily absolutely invariant. However, 
the ratio after the point transformation is a multiple 1/k 
of the ratio before transformation. The purpose of this note 
is to express k as a double ratio. Necessary and sufficient 
conditions that k=1 are found. V. G. Grove. 


Masotti Biggiogero, Giuseppina. Sopra un invariante di 
elementi curvilinei del piano. Ist. Lombardo Sci. Lett. 
Cl. Sci. Mat. Nat. Rend. (3) 4(73), 465-474 (1940). 

The expansion at 0 of the equation of a curve C, may be 
written as y=d2x*+a,x*+ ---+a,.x""'+dx"+---. The 
curves C, having the same coefficients a2, ds, ---, @,-1 are 
said to have an element of order r—1 in common and to 
form a pencil with parameter \. It is the purpose of this 
paper to study properties of this pencil invariant under a 
regular point transformation ¢. In the first place it is shown 
that, if As, Ax, As are three parameters of the pencil and 
Mi’, Ae’, As’ the corresponding parameters under ¢, then 
(A123) = (A1’A2’As’), where (ArA2As3) = (A —)z)/(re —yz). The 
ratio (Aj\sA3) may be characterized as follows. Let a line h 
intersect curves C;, C2, C; with parameters \;\o\3 in points 
P,, Ps, P; near 0. Then limz.o (P,P2P 3) = (MAeAs) and if 
Pipeps are the curvatures of Ci, Cs, C; at P;, Pe, Ps, then 
lim.+0 (pr, p2, ps) = (AiAsAs). V. G. Grove. 


Hijelmslev, Johannes. On curves in a nullsystem. Norsk 

Mat. Tidsskr. 23, 87-95 (1941). (Danish) 

Call an are C in projective 3-space ordinary if it has a 
tangent everywhere and if for every point p of C a neighbor- 
hood u(p) and a line g(p) exist for which no two tangents 
of C at points of u(p) intersect g(p) in the same point. If 
an ordinary arc C is a null curve, that is, its tangents belong 
to a fixed nullsystem or linear complex, then the curve is the 
union of a finite number of arcs of order 3, and at any point 
of C the null plane is the osculating plane of C. Moreover, 
the torsion exists and coincides with the torsion of the null- 
system at that point. For analytic curves the theorem is due 
to Lie [Lie and Scheffers, Geometrie der Beriihrungstrans- 
formationen, vol. 1, Leipzig, 1896, pp. 230 ff. ]. 

H. Busemann (Northampton, Mass.). 


Su, Buchin. The theory of contact of curves in a projective 
space of N dimensions. Duke Math. J. 13, 485-494 
(1946). 

Suppose that two curves C and C’ in a projective space 
of N dimensions have at a common point P the same oscu- 
lating linear space of dimension k=N—1. The tangential 
correspondence is defined by associating to each point Z 
near P on C a point Z’ near P on C’ such that the oscu- 
lating hyperplanes of C and C’ at Z and Z’ intersect the 








comn 
proac 
oscul. 
lating 
possil 
treat 


420 
coeff 
nate: 


(2) 

The 
writ! 
(3) 

Ther 
arbit 
equa 
since 
oo 5 
A cl 
cap 

of th 
ing r 


R; s] 





















common tangent at the same point. The limit as Z ap- 
proaches P of the linear space obtained by joining the 
osculating space S, of dimension r of C at Z and the oscu- 
lating space S,’ of dimension ¢ of C’ at Z’ is discussed for all 
possible values of r and ¢. The special case N=5, k=2 is 
treated as an illustration. J. E. Wilkins, Jr. 


Bompiani, E. Invarianti proiettivi e topologici di calotte di 
superficie e di ipersuperficie tangenti in un punto. Univ. 
Roma e Ist. Naz. Alta Mat. Rend. Mat. e Appl. (5) 2, 
261-291 (1941). 

In part I the author considers the totality of calottes 
(elements of the second order) at a point of a surface in 
projective space, showing that they have abstract represen- 
tation as points of a three-dimensional projective space with 
an absolute. This together with the notion of linear systev 
of calottes makes it possible to determine the invariants of 
two or more calottes in a uniform manner and to find both 
Euclidean and non-Euclidean metric interpretations. A gen- 
eralization to m dimensions is also made. This first part is 
an elaboration on a previous note of the author's [Atti 
Accad. Italia. Rend. Cl. Sci. Fis. Mat. Nat. (7) 2, 888-895 
(1941) ; these Rev. 8, 227]. 

In part II this same totality is studied from the stand- 
point of the “topological” group of point transformations 
regular at the point of the surface and leaving this point and 
the planar element of tangential directions invariant. Here 
also the abstract space of calottes with its absolute has 
induced in it a projective group and furnishes an effective 
method of finding “topological” invariants of a given sys- 
tem of calottes. Projective and metric interpretations are 
obtained by transforming the given configuration of calottes 
into others topologically equivalent but projectively or met- 
rically specialized. ’ J. L. Vanderslice. 


Bompiani, Enrico. Geometria proiettiva di elementi diffe- 
renziali. Ann. Mat. Pura Appl. (4) 22, 1-32 (1943). 
The object of this paper is the study of “caps” (calotte) 

sustained by surfaces and varieties at a point. [See also 

E. Bompiani, Atti Accad. Italia. Rend. Cl. Sci. Fis. Mat. 

Nat. (7) 2, 888-895 (1941) ; these Rev. 8, 227, and the paper 

reviewed above. | For example, an ordinary or regular cap 

of the second order may be represented by an expansion of 
the form 


(1) ayx+any +432 = ayx* + dazy* + dg32" + 2araxry 
+ 2aysx2z+ 2axy2+[3]+---, 


@,020;~0, and a conical cap by (1) with a; =a,=a;=0. The 
coefficients a;, a;; are interpreted as homogeneous coordi- 
nates of a hyperplane in a projective space Rs. That is, 


(2) pyi;=ai, $,j=1, a a 


The expansion (1) is not unique, being equally as well 
written in the form 


(3) (aix+azy+asz)(1+pixt+poyt+ps) =aux*+---. 
Then (2) becomes pv;=4a;, pvij=ai;—43(aipj+a;p,), pi being 
arbitrary. The coordinates of a point in Rs being £*, &*/, the 
equation of the hyperplane (2) is a;¢*+(a;;—a,p,)t =0, or 
since the p; are arbitrary, the cap is represented in Rs by the 
2° spaces R, whose equations are a,;t*+a,;t% =0, a;¢=0. 
A characterization of these spaces R, as the image of the 
cap in Rs characterizes the cap. To this end a variety V;’ 
of three dimensions and order seven is defined in the follow- 
ing manner. In Rs let there be given a plane Re, and a space 
R; skew to R; and in R, a variety gs‘ of Veronese. Let there 


Giz = Aki, 


prig= aij = Ay, 
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be established a homographic correspondence between R: 
and ¢2‘ such that R; and ¢;‘ are in one-to-one point corre- 
spondence, the lines of R; corresponding to the conics of 
¢2‘. The lines joining the corresponding points of R; and gs‘ 
generate the (rational) variety V;’. In the correspondence 
between R; and ¢,‘, a line of R, determines a ruled surface 
¥.* on V;’ in the R, determined by the line (of R,) and the 
corresponding conic of g*. The characterization of the cap 
is accomplished by the characterization of the * R,’s which 
form the image of the cap. This characterization is embodied 
in the typical theorem. The * regular caps through a 
point O are represented in a one-to-one manner by the «5 
spaces R, obtained from the variety V;’ in the following 
fashion. Consider a ¥,* of V;’ and in its R, anyone whatever 
of the ~* spaces R; through its rectilinear generators (in the 
tangent plane R;). The ' spaces R, through an R; lying in 
the R; determined by R; and ¥;? represent the ~! caps that 
by means of the tangent plane are represented by the direc- 
trices of ¥*, and by means of the asymptotic tangents are 
represented by the points of the directrices which give rise 
to the generators of ¥,* belonging to R; (if this is tangent 
to ¥,* one obtains a representation of the parabolic cap). 
By letting these directrices (and the spaces R;) vary (in ©? 
ways) one obtains the desired * spaces Ry. 

In place of the R:, Rs, Rs and the g* of Veronese used 
to generate the V;’, spaces R,, R,, R,, p=n(n+-3)/2, 
q=1+n(n+5)/2, and a V,™ are used to generate a Vays, 
r=2"*!—1. A regular cap of a variety in S,4; at O is repre- 
sented in an R, by ~” spaces R,_,. These latter spaces are 
characterized in terms of the Vi41. V. G. Grove. 


Bompiani, E. Le superficie emisotrope nello spazio euclideo 
a quattro dimensioni. Atti Accad. Italia. Mem. Cl. Sci. 
Fis. Mat. Nat. 12, 1-23 (1942). 

A two-dimensional surface X; in a Euclidean four-space 
R, is called semi-isotropic if the lines at infinity of the 
tangent planes are tangent to the absolute 2. This paper 
contains a complete analysis of the possible types of semi- 
isotropic surfaces. If the space formed by the osculating 
planes at a point P of all possible curves of X; through P is 
denoted by S, we have the following (projectively different) 
types of X». (1) S is at every point an S, (two-dimensional). 
Then X; is a plane, which at infinity is tangent to Q. ; 

(Ila) Sis at every point the same S;. Then X; is imbedded 
in this S;. A semi-isotropic X, of this kind is a developable 
surface, the edge of regression being an isotropic curve. 
(IIb) S is at every point an 5S; (not the same 5S; at each 
point). In this case too a semi-isotropic X; is a developable 
surface. The edge of regression is either an isotropic curve or 
a curve C, whose osculating three-spaces are tangent to Q. 

(III) Sis an Sy. (a) The X; contains two systems of con- 
jugate curves. One of these systems has to be isotropic. 
The intersections of the tangent planes of X: with the 
3-space at infinity form a line congruence, of which @ is a 
focal surface. The general equation of these isotropic X's 
is given. (IIIb) The X2 contains one system of asymptotic 
curves. It is proved that these curves are straight (isotropic) 
lines. The construction of an X; of this type is given. 

J. Haantjes (Amsterdam). 


Bompiani, E. Caratteri differenziali della trasformazione 
conforme. Univ. Roma e Ist. Naz. Alta Mat. Rend. 
Mat. e Appl. (5) 3, 138-151 (1942). 

The author contributes some theorems in the conformal 
geometry of third order differential elements. Kasner [ Proc. 
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Fifth International Congress of Mathematicians, 1912, v. 2, 
pp. 81-87] obtained all the possible conformal (and equi- 
long) invariants of curvilinear angles and horn angles. Some 
of the results of the present paper are related to those ob- 
tained by Kasner and DeCicco [Proc. Nat. Acad. Sci. 
U. S. A. 25, 209-213 (1939); Bull. Amer. Math. Soc. 46, 
784-793 (1940); Trans. Amer. Math. Soc. 49, 378-391 
(1941) ; and especially Univ. Nac. Tucum4n. Revista A. 2, 
51—58 (1941); these Rev. 2, 155, 298; 3, 306]. 

Some of the author’s theorems are the following. Con- 
sider a (reverse) conformal transformation where the scale 
function p=1 at a point 0. In general, there exists a single 
real inflectional direction (besides the two isotropic direc- 
tions) which is transformed into an inflectional direction. 
This inflectional direction is orthogonal to the direction for 
which p=1. There is only one second order element E,, tan- 
gent to the direction p=1, which is transformed into itself. 
If its curvature is 1, two E,’s which are tangent to this 
invariant E, are transformed into one another if and only 
if the sum of their curvatures is 2. All the E,’s tangent to 
the inflectional direction are transformed into one another. 
In general, there exist two mutually orthogonal circular 
elements of third order E; which are carried into circular 
elements E;. If every direction through 0 is circular, then 
the conformality is a Moebius transformation. Finally the 
author characterizes the six-parameter Moebius group of 
circular transformations. 

The author also develops corresponding theorems for the 
conformal group of space, which is the Liouville ten- 
parameter inversive group. A characterization of this group 
is given. J. DeCicco (New York, N. Y.). 


Kasner, Edward, and De Cicco, John. Theory of harmonic 
transformations. Proc. Nat. Acad. Sci. U.S. A. 33, 20-23 
(1947). 

The authors study transformations T from the (x, y)- 
plane to the (X, Y)-plane such that X, Y are harmonic func- 
tions with nonvanishing Jacobian. Conformal transforma- 
tions are included as special cases. It is shown, for example, 
that if under T every pencil of straight lines in the (X, Y)- 
plane corresponds to an isothermal family in the (x, y)-plane, 
then T is a conformal transformation, or a circle-to-line 
correspondence, or the product of a conformality by a circle- 
to-line transformation. The set of transformations T is 
characterized in terms of polygenic functions and the subset 
of transformations T whose inverses are also in the set is 


determined. E. F. Beckenbach (Los Angeles, Calif.). 
Lalan, Victor. Sur les surfaces 4 courbure moyenne iso- 
therme. C. R. Acad. Sci. Paris 223, 883-885 (1946). 


In an earlier special problem in conformal mapping [same 
C. R. 222, 632-633 (1946); these Rev. 7, 393] the author 
considered pairs of surfaces whose lines of equal mean 
curvature are isothermal curves. In this paper he investi- 
gates the properties of such surfaces and finds the following 
expression for the minimal forms of the surface : w; = (p.)4du, 
w= (¥,)'dv, where ¥(u, v) is a function depending on the 
surface. From these he is able to find expressions for the 
first and second differential forms of the surface in terms 
of ¥ by means of the solution of certain linear algebraic 
equations. In exceptional cases, e.g. heliocoids and surfaces 
of revolution, these results are not unique; for the linear 
equations degenerate and then the resulting differential 
forms contain arbitrary constants. C. B. Allendoerfer. 





Maxia, A. Geometria affine di alcuni sistemi di equazioni 
a derivate parziali studiati da L. Bianchi. Atti Accad. 
Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 169-174 
(1946). 

Bianchi [Atti Accad. Lincei. Rend. (4) 5;, 312-323 (1889) ] 
dealt with systems of differential equations of the form 


(I) 9,.2=17.02+b,22, Te=Tir, 
and the conjugate systems 
(II) Orsth = 7310 +5,.U, i = 2{ rs} —Ti,, 


{+s} being the parameters of the connexion belonging to the 
fundamental tensor b,,. He proved that (I) and (II) are com- 
pletely integrable if and only if 


Og P ye HT iy Toye = dedey 
Oirdaj: = Diba, 


that the integration of (I) is the same problem as the inte- 
gration of (11), that two integrals z, u of (I) and (II) are 
related by zu+b“0,20,u =constant and that (I) and (II) are 
equivalent if and only if b,, belongs to a Riemannian geom- 
etry of constant curvature and if T},=~y',={,4}. 

These results find an illustration in affine geometry if z, z, 
are considered as affine coordinates in an E,,; and the 
equations (1) together with 0,z=z, as a special form of the 
fundamental system associated with an A, in E,,,. In this 
Ax, by: is the fundamental tensor and the I’, are the param- 
eters of the induced connexion. The system (I1) represents 
the same A, considered as enveloped by a system of E,’s. 
To the three different connexions in A, belong three differ- 
ent systems of pseudonormals. The three normals at any 
point lie in the same plane and form a harmonic system with 
the section of this plane and the tangent EZ, of A,. The last 
section contains remarks about an illustration in projective 
geometry. J. A. Schouten (Epe). 


Pimia, Lauri. Uber die involutorischen Beriihrungstrans- 
formationen der héheren Kugelgeometrie. Ann. Acad. 
Sci. Fennicae. Ser. A. 1. Math.-Phys. no. 32, 16 pp. (1945). 
In three earlier papers [same Ann. no. 4 (1941); no. 16, 

no. 21 (1943); these Rev. 7, 483] the author has treated 

Lie’s geometry of spheres with biquaternions. In this geom- 

etry three kinds of involutory contact transformations exist : 

the reflections with respect to a set of 2 spheres, with respect 
to a linear system of «©? spheres (Kugelschar) and with 
respect to a linear system of ©? spheres (Kugelkomplex). 
In this paper these contact transformations are dealt with 
by means of quadriquaternions (sedenions, algebra of the 
matrices with 4 rows and 4 columns). To every contact- 
transformation belongs a quadriquaternion determined ex- 
cept for a biscalar factor. In the first paper cited, the same 
was done with quaternion matrices. The new notation gives 
formulae of a very simple form. The greater part of the 
following paragraphs contains the translation of results of 
the earlier papers into the new notation but there are some 
new results, for example: the linear systems of ©? spheres 
invariant under reflections with respect to a given linear 
system of «©? spheres form a linear system of «* spheres. 
J. A. Schouten (Epe). 


Strubecker, Karl. Differentialgeometrie des isotropen 
Raumes. I. Theorie der Raumkurven. Akad. Wiss. 
Wien, S.-B. Ila. 150, 1-53 (1941). 

An J; (linear three-dimensional subspace) in R, is called 

isotropic if it is tangent to the nullcone. In an J; there is a 
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fundamental tensor of rank 2. The group Gy of motions in 
R, induces in J; a G7. Independent of this construction of 
an isotropic space the author investigates a three-dimen- 
sional space with the linear element ds*=dx*+dy*. The 
nullcone degenerates into a pair of planes. There is a group 
of collineations Gs leaving this pair invariant ; Gs contains a 
subgroup Gs containing the transformations whose projec- 
tion on the plane z=0 is an ordinary motion. There exists 
an absolute dualism between points and planes because 
there is an absolute plane and an absolute point. Two ordi- 
nary points have a distance or they are “parallel” and in 
the latter case there exists a rational invariant, the 
“Spanne.”” Two ordinary planes have an angle or they are 
parallel and in the latter case there exists a rational invari- 
ant, the “parallel distance.”’ There exists a nullsystem with 
respect to which the absolute figure is invariant. These 
notions and many others are defined in §§ 1-11. In §§ 12 
and 13 the one-parameter subgroups of G. are determined. 
These are 6 different kinds and each of them belongs to a 
definite form of motion. 

The second part, §§ 14—24, deals with the theory of curva- 
ture and torsion, Frenet formulae, natural parameters and 
natural equations of curves. The third part, §§ 25-31, deals 
with curves of constant curvature and torsion (helices), 
curves whose tangents have a constant angle with respect 
to a given plane (Béschungskurven; a necessary and suffi- 
cient condition is that the ratio of curvature and torsion is 
constant) and Bertrand curves (a necessary and sufficient 
condition is that there exists a linear relation between curva- 
ture and torsion with constant coefficients). 

The fourth part, §§ 32-35, deals with osculatory circles 
and spheres and spherical curves. The last part, §§ 36—50, 
deals with the different images of curves, the images of 
tangents and principal normals, the spherical image, the 
image of directions, the polar curve and the nullpolar curve 
and with curves of constant torsion. The image of binormals 
does not exist. The image of directions is the projection of 
the spherical image on the plane z=0. If the curve is 
polarized with respect to the unit sphere we get the polar 
curve. The image of directions is also the projection of the 
polar curve. The nullpolar curve (nullpolare Begleiterin) is 
the image with respect to the invariant nullsystem. There 
is a remarkable analogy with the theory of curves in the 
ordinary R;. [Continuations appeared in Math. Z..47, 743— 
777 ; 48, 369-427 (1942) ; 50, 1-92 (1944) ; these Rev. 5, 109; 
7, 530; 8, 96.) J. A. Schouten (Epe). 


Ritter, Robert. Stationire und extreme geometrische 
Ableitungen in Riemannschen Raiumen. Anwendung 
auf die Flaichenverbiegung. II. Jber. Deutsch. Math. 
Verein. 51, 193-212 (1941). 

[For part I see the same vol., 101-124 (1941) ; these Rev. 
3, 190.] Let V2 be a surface with a positive definite first 
fundamental form ds* = g,;du‘du/ and let ¢ be a scalar func- 
tion defined on V2. Various relations concerning the prin- 
cipal directions of the tensor ¢, ig, ; and of ¢ ;; relative to gi; 
are derived. (Here the comma denotes covariant differen- 
tiation relative to g;;.) A typical theorem is the following: 
the necessary and sufficient condition that a family of prin- 
cipal directions of ¢,;; are geodesics of V2 is that g‘¢ <¢,; is 
a function of ¢ only. Application of these ideas is made to 
secure characteristic equations of the totality of subsurfaces 
which are deformable to.certain surfaces of revolution. 

A. Fialkow (New York, N. Y.). 





Walker, A. G. Symmetric harmonic spaces. J. London 

Math. Soc. 21, 47-57 (1946). 

In two earlier papers [same J. 20, 93-99, 159-163 (1945); 
these Rev. 7, 529] the author proved, by giving particular 
examples for »=4, that not every completely harmonic 
Riemannian V, is of constant or zero curvature. In the 
present paper he shows how those examples were con- 
structed, obtaining all the Riemannian 4-spaces that are 
both harmonic and Cartan-symmetric. The work is based 
on Cartan’s theorem (of which a simple proof is given) that 
every symmetric space admits a transitive group of motiong 
possessing a continuous subgroup of rotations. 

H. S. Ruse (Leeds). 


Wong, Yung-Chow. Some theorems on Einstein 4-space. 

Duke Math. J. 13, 601-610 (1946). 

The author proves the following theorem. Let g;,(x*) 
(i, j7, k=1, 2, 3) be a positive definite tensor with two and 
only two equal Ricci invariants. Then in order that there 
exist Einstein 4-spaces with a metric of the form 

ds*=[p(x*, t) Pd? —gij(x*)dx‘dx! 
or 
ds* =[o(x*, t) Td —[p(x*, t) }*gi(x*)dx‘dxi, dp/at~0, 


it is necessary and sufficient that the scalar curvature of g;; 
be constant and that there exist an orthogonal ennuple 
v4 of Ricci congruences whose coefficients of rotation sat- 
isfy the following conditions: 


Ys = Yau =Y¥i3=0; Yau = ¥22; 
¥* (3) 0133/02" = v* (3) 0Y233,/02* =(). 
A. Fialkow (New York, N. Y.). 


Norden, A. On conformally geodesical families of lines in 
the plane. C. R. (Doklady) Acad. Sci. URSS (N.S.) 53, 
587-590 (1946). . 
A Weyl space W, may be mapped conformally on a 

plane ; a two parameter family of lines in the plane is called 
a field G if its maps on W, are geodesics. A necessary and 
sufficient condition for a field G is that the osculating 
circles of the lines passing through a point should form a 
pencil; in that case the differential equation of the field is 
d*y/dx* = (P+-Qdy/dx){1+-(dy/dx)*}. The field G is called 
normal if it is a conformal map of the geodesics of a Riemann 
space; it is called “‘stratifiant” if the cross ratio of any 
four lines through a point is independent of the point. 
Such a field is defined by a first integral of the form 
(Adx+ Bdy)/(Cdx+Ddy)=k, where A, B, C, D, are point 
functions and k is a parameter. Such a field is determined 
by a function U satisfying y(U..+ Uy) + U,=0. The author 
gives a number of examples. [Without defining it the author 
apparently uses the letter p for curvature; equation (3) is 
incorrect and a footnote referring to a previous paper is 
missing. | M. S. Knebelman (Pullman, Wash.). 


Bortolotti, Enea. Vedute e problemi della teoria delle con- 
nessioni. Univ. Romae Ist. Naz. Alta Mat. Rend. Mat. 

e Appl. (5) 3, 241-281 (1942). 

This paper reproduces with additions a conference on 
displacement theory held by the author at Hamburg in- 
1941 and is expository in nature. It emphasizes the con- 
ceptual side of the theory of connections with attention 
drawn to essential unsolved questions. Starting with Levi- 
Civita parallelism it proceeds to the general affine vector 
displacement introducing a discussion of the geometrical 
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significance of its linearity in the differentials of the space 
coordinates. Cartan’s idea of point rather than vector dis- 
placements is given considerable attention with special care 
taken to clarify the abstract notion of tangent and osculating 
space essential to this form of the theory. The general pro- 
jective and conformal connections of Cartan and their 
specialization to Weyl and path geometry are outlined to- 
gether with certain unsolved problems there arising. The 
paper concludes with several diverse examples of other uses 
of the theory of connections: surfaces in an affine space, 
straight line congruences in Euclidean space and unified 
field theories. There is a good bibliography. 
J. L. Vanderslice (College Park, Md.). 


Lichnerowicz, André. Les espaces variationnels généra- 
lisés. Ann. Sci. Ecole Norm. Sup. (3) 62, 339-384 (1945). 
A generalized variation space is a space based on a non- 
holonomic calculus of variations problem relative to an inte- 
gral such as 


y= {HUF x(u), x(u) Ju, 
where " 


F=f of), x0) We, : 
uo 
and where it is assumed that both H and F are homogeneous 
of the first degree in x”. Such spaces constitute a generali- 
zation of Finsler spaces to which the author was led by the 
consideration of nonconservative dynamical systems. 

He defines the notion of subvariation of an integral of the 
type J; generalized extremals are the curves for which the 
subvariation of J vanishes. The essentials of a differential 
geometry based on J are built up, including laws of connec- 
tion, geodesics (autoparallels), curvature and torsion, follow- 
ing the general lines given by Cartan [Les espaces de Finsler, 
Actual. Sci. Indus., no. 79, Hermann, Paris, 1934] for 
Finsler spaces. The autoparallels of the space are the gener- 
alized extremal curves for which the subvariation of J van- 
ishes. A simple example is given of a generalized variational 
space for which the connection coefficients depend on posi- 
tion only, and are not functions of x”. 

The author later studies the condition in order that a 
given system of paths can be considered as a system of 
geodesics of a variational space, thereby relating his work 
to the metric geometry of paths of Douglas [Ann. of Math. 
(2) 29, 143-168 (1928), in particular, p. 150]. He ends with 
some applications to dynamics. E. T. Davies. 


Galvani, Octave. Sur l’immersion du plan de Finsler dans 
certains espaces de Riemann 4 trois dimensions. C. R. 
Acad. Sci. Paris 223, 1088-1090 (1946). 

This is a generalization of portions of the author’s earlier 
“imbedding”’ of a Finsler plane in Euclidean three-space 
[same C. R. 222, 1067-1069 (1946) ; these Rev. 7, 484]. The 
“imbedding” is really a realization in which a point of the 
Finsler space corresponds to an element (M, A, P), where 
M is a point of the Riemann space, A is a line through M 
and P is a plane through A. Not every Riemann space V; 
can contain (in this sense) a Finsler space F;; a characteri- 
zation is given of those V;’s for which this is possible. On 
the other hand it is proved that every analytic F, (with 
IK #0) can be locally imbedded in a V; which lies in a 
Euclidean EZ, (J and K are the torsion and curvature of F:). 
The resulting V; depends on four arbitrary functions of two 
arguments. C. B. Allendoerfer (Haverford, Pa.). 





Bielecki, A., et Golab, St. Sur un probléme de la métrique 
angulaire dans les espaces de Finsler. Ann. Soc. Polon. 
Math. 18, 134-144 (1945). 

The angular metric proposed by Finsler for a Finsler 
space [Uber Kurven und Flachen in allgemeinen Raumen, 
Géttingen dissertation, 1918] has in general none of the 
following properties: (1) additivity, (2) invariance under 
interchange of the sides. The authors prove under certain 
regularity conditions that the property (1) or (2) holds only 
when the space is Riemannian. The proof is elementary in 
character. It is based on the consideration of the osculating 
Minkowski space and is carried out only for the two-dimen- 
sional case. S. Chern (Shanghai). 


Tonolo, Angelo. Sulle equazioni di Weingarten relative ai 
sistemi tripli ortogonali di superficie isostatiche. Univ. 
Roma e Ist. Naz. Alta Mat. Rend. Mat. e Appl. (5) 2, 
170-192 (1941). 2 
A symmetric tensor #,, in Euclidean 3-space (in particu- 

lar, the stress tensor in an elastic body) defines an orthogonal 

triad of principal directions at each point, or, equivalently, 
three orthogonal surface-elements. Correcting an error of 

Lamé, Weingarten in 1881 showed that these orthogonal 

surface-elements form a triply infinite system of surfaces 

(isostatic surfaces) only if three conditions are satisfied by 

#,,. These conditions, expressed by Weingarten in rectangu- 

lar Cartesian coordinates, are transformed in the present 

paper to the following tensorial form: 

A Pag”'V P,,=0, dag Pe"V_,D,,=0, d3,P%eq,,V'D* = 0. 

Here dag is the metric tensor, a® its conjugate, the e’s abso- 

lute permutation tensors, the V’s symbols of covariant and 

contravariant differentiation, and @” = $e*e°""},,,,. The 
author then introduces an arbitrary triad of orthogonal 
congruences specified by unit vectors ™, with the associated 


Ricci rotation coefficients yai;=,’,V’. In terms of invari- 
ij rn . 
ants defined by 04 =®,.")’, Oz =O"r,d,, Weingarten’s con- 
AE AE 


ditions are transformed to read as follows: 

Onl Vis 2Orrri — VirsOnes2 |=0, 

Prel Ve+29nn+1 — ViersOresg | =0, 

Pre Vi+20 ness — Vie+sPre42]=0, 
the indices being interpreted modulo 3. In the last part of 
the paper Weingarten’s conditions in the form (*) are de- 
rived ab initio by consideration of two triads of orthogonal 
congruences : M, arbitrary as above, and v, the principal 


congruence of the tensor 9,,. J. L. Synge. 


Chossat de Montburon, N. Dérivation tensorielle dans un 
espace métrique déformable entrainé. Ann. Univ. Lyon. 
Sect. A. (3) 2, 53-61 (1939). 

The author considers the problem of forming tensors rela- 
tive to a moving coordinate system in a metric n-space. 
Since such tensors can be considered to be ordinary tensors 
defined along a curve of the n-space, the usual tensor analy- 
sis applies. In particular, the author works with the Cartan 
w-symbol rather than the related metric connection. In the 
concluding portion of the paper, he furnishes some applica- 
tions of the analysis by transforming various formulas of 
mechanics into tensor form. N. Coburn. 


Pastori, Maria. Integrale generale dell’equazione div T =0 
negli spazi euclidei. Univ. Roma e Ist. Naz. Alta Mat. 
Rend. Mat. e Appl. (5) 3, 106-112 (1942). 

The author gives an expression of a tensor T of mth order 
in an n-dimensional Euclidean space such that the m diver- 
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gences of T are all zero. The components of T are expressed 
in terms of an arbitrary tensor U of order m(n—2) subject 
only to the condition that it is skew-symmetric in n—2 
indices of each of the m groups of indices. The result can 
be considered as a generalization of the vector formula 
div rot u=0, or of a formula which B. Finzi gave [Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (6) 19, 





578-584, 620-623 (1934) ] for a symmetric T of second order 
in Euclidean spaces of constant curvature and dimension 
not exceeding 4. I. Opatowski (Ann Arbor, Mich.). 


Cisotti, U. Un singolare tensore doppio isotropo. Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 
19-20 (1946). 


NUMERICAL AND GRAPHICAL METHODS 


*British Association for the Advancement of Science. 
Mathematical Tables, Part-volume A. Legendre Poly- 
nomials. Prepared by the Committee for the Calcula- 
tion of Mathematical Tables. Cambridge, at the Uni- 
versity Press; New York, The Macmillan Company, 1946. 
42 pp. 8/6, Great Britain; $2.00, U.S. A. 

To make new tables generally available without delay, 
the Committee for the Calculation of Mathematical Tables 
has decided to start the publication of a series of tables in 
the form of part-volumes, which in course of time will be 
combined into volumes and take their place in the Associa- 
tion’s main series of tables. Part-volume A presents tables 
of Legendre polynomials P,(x) largely computed under the 
supervision of L. J. Comrie. The principal tables, which 
extend to n=12, give seven-decimal accuracy for 0=x=1 
at tabular interval 0.01 and seven significant figures 
throughout (usually eight when the first is 1 or 2) for 
x =1.00(0.01)6.00. A supplementary table contains P,(x) 
for x =6.0(0.1)11.0, m extending to 6. In addition, to enable 
interpolation to the full accuracy of the table, either the 
ordinary or the modified second and fourth differences are 
given. Further supplementary material includes a reference 
to existing tables, methods of computation and formulas. 

C. J. Bouwkamp (Eindhoven). 


* Miller, J.C.P. The Airy Integral, Giving Tables of Solu- 
tions of the Differential Equation y’=xy. British Asso- 
ciation for the Advancement of Science. Mathematical 
Tables, Part-volume B. Cambridge, at the University 
Press; New York, The Macmillan Company, 1946. 
56 pp. 10/-, Great Britain; $2.25, U.S. A. 

This is the second in a series of part-volumes [see the 
preceding review ]; it deals with the functions 


Ai (x) =n" f cos ($/+-x?)dt, 


Bi (x) =f texp (—4+xt)+sin (34°+<xt) } dt. 
0 


Contents: (i) Ai(x) and Ai’ (x), x= —20.00(0.01)+2.Q0, 
8D(ecimals) ; (ii) logy Ai (x) and Ai’(x)/Ai (x), x =0.0(0.1)- 
25.0(1)75, 8D and 7D, respectively ; (iii) zeros and turning- 
values of Ai(x) and Ai’ (x): the first 50 of each, 8D; 
(iv) Bi (x), x= —10.0(0.1)+2.5, 8D; reduced derivatives; 
(v) zeros and turning-values of Bi (x) and Bi’ (x): the first 
20 of each, 8D; (vi) logy Bi (x) and Bi’ (x)/Bi (x), 
x =0.0(0.1)10.0, 8D and 7D, respectively; (vii) auxiliary 
functions, x = —80(1) —30.0(0.1) +-2.5. 

The introduction includes a historical account of the Airy 
integral (earlier definitions and tables), details of interpola- 
tion (modified differences, reduced derivatives), connection 
with Bessel functions of orders +}, +3, details of prepa- 
ration and checking. There are also graphs of Ai (x), Bi (x) 
and related functions. Included with this part volumé there 
are two separate sheets entitled Auxiliary Tables, no. I: 
Coefficients in the modified Everett interpolation formula ; 





no. Il: Table for interpolation with reduced derivatives. 
Coefficients for the function; coefficients for the first de- 
rivative. C. J. Bouwkamp (Eindhoven). 


Woodward, P. M., Woodward, A. M., Hensman, R., Davies, 
H., and Gamble, N. Four-figure tables of the Airy func- 
tion in the complex plane. Philos. Mag. (7) 37, 236-261 
(1946). 

This paper is concerned with solutions of the differential 
equation d*w/dz*=wz. Independent solutions chosen for 
tabulation are those defined in the British Association 
Mathematical Tables, Part-volume B [see the preceding 
review |, pages B9, B17, namely 


Ai (z) =f cos ($/*+-21)dt, 


Bi (z) =f texp (—42+21)+sin (}4°+-21) } dt. 


Real and imaginary parts of Ai(z) and Bi(z) and of 
their derivatives Ai’ (z) and Bi’ (z) are tabulated to 4 deci- 
mals for complex z=x+iy, with x= —2.4(0.2)+2.4 and 
—y=0.0(0.2)2.4. Values for positive y may be obtained by 
taking complex conjugates. These tables are thus to some 
extent complementary to the “Tables of the Modified 
Hankel Functions of Order One-Third and of Their De- 
rivatives” [Ann. Computation Lab. Harvard Univ., vol. 2, 
Harvard University Press, 1945; these Rev. 8, 52]; the 
Harvard tables also have a rectangular argument z, but the 
choice of function is such that real axes in the two tables 
are effectively at an angle 44 with one another. As an aid 
to interpolation each function value f is accompanied by the 
“coupled difference” 4(AZf—A,7f), in which Aff and Aff 
are the central second differences in the x- and y-directions 
respectively, and by the “cross fourth difference” A/A,7f. 
Instructions for using the differences are given. 

In an appendix the authors discuss the theory behind the 
method for interpolation they have chosen. It is based on 
the fact that the real and imaginary parts u and v of an 
analytic function f both satisfy Laplace’s equation, and 
hence, from the connections between derivatives and differ- 
ences, that A2u+A,*u and Av+A,% are both small for 
small intervals, having dominant terms involving /*‘ (h is 
the tabular argument) and fourth derivatives. The coupled 
difference $(A2u—A,?u) differs from h*°d*u/dx* or — h*d*u/dy* 
only by amounts with leading terms involving h* and sixth 
derivatives. In like manner A7A,*u is a very good approxi- 
mation to —h*d‘u/dx* or —h*d‘u/dy*, with a discrepancy 
depending mainly on h*d*u/dx*. It is also noted that inter- 
polation may be performed by means of the complex 
Lagrangian coefficients given by A. N. Lowan and H. Salzer 
[J. Math. Phys. Mass. Inst. Tech. 23, 156-166 (1944); 
these Rev. 6, 52]. 

The appendix also describes a method for improving 
the accuracy of entries in a table giving values of a func- 
tion of a complex variable having equidistant arguments 
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with the same intervals in both directions, on the assump- 
tion that eighth differences are negligible. In~ this case 
6(42u+A,/u)+AZA,*u =0, whence 


to, = $ (41, 0-+ Mo, 1 +41, 0+ Me, -1) 
+Po(t1 1m, tui tu), 


where u,,,=u(x+rh, y+sh). This method was used to check 
the tables and decide ambiguities of rounding-off. 
J. C. P. Miller (London). 


Mathematical Tables Project. Table of the Struve func- 
tions L,(x) and H,(x). J. Math. Phys. Mass. Inst. Tech. 
25, 252-259 (1946). 

Of the Struve functions as defined in Watson’s “‘A Treatise 
on the Theory of Bessel Functions,” only Ho(x) and H,(x) 
have been extensively tabulated. The present tables cover 
the functions stated in the title for y=0, —1 and —2 and 
x =0(@01)10. In general eight decimals are given in the L 
functions and seven in the H functions, with sufficient even 
differences for interpolation. Unfortunately indifferent ty- 
pography renders these tables difficult to read. The figures 
are too condensed and the seven or eight decimals are not 
broken into groups in any way. L. J. Comrie. 


Aparo, Enzo. Di alcune avvertenze sulla risoluzione nume- 
rica delle equazioni algebriche. Univ. Roma e Ist. Naz. 
Alta Mat. Rend. Mat. e Appl. (5) 4, 125-147 (1943). 
The author starts with a generalization of the theorem of 

Lagrange, given by Picone. In x*+a,x*"'+---+a,=0, 

having all its coefficients real, let ay, @p44, 2p+i, «~~ be the 

negative coefficients and let 


A, =max (dy, A~*d pin, Api, --*), 


where \>0 is arbitrary but fixed. Then all the positive 
roots of the equation are less than \+-A),'/?. Then he gives 
the following estimate for the roots of the equation, where 
now the a; are complex. Let a, be the first nonzero coefficient 
and A,=max (|a,|, X~*|@p41|, A-*|Gpye]|, ~~~, A-**?/a,|), 
where \>0 is arbitrary but fixed. Then the absolute values 
of all roots are less than \+ A,'/?. Furthermore, all the roots 
lie in the region covered by the arbitrary circle |x| <d and 
the Cassinian curve with k foci, | x*+-a,x*-'+ ---+a,| =S,, 
where Sy, =A | @eg1| +X? | Gaye] +---+d-*** | a, |. For R=1 
(circle) and k=2 one has valuable estimates by choosing 
various X's. E. Bodewig (The Hague). 


Sebastiao e Silva, José. Complementi al metodo di Griiffe 
per la risoluzione delle equazioni algebriche. I. Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 
335-343 (1946). 

Graffe used the transformed equations merely to com- 
pute the modulir; of the roots of F(z)=0; he found the 
arguments @ by computing the moduli R; of the roots of 
F(x+a)=0, where a<min |r;—r,|. Instead of this finite 
displacement the author uses an infinitesimal one: let 
z=x+ty, r=|z|, r(t)=|2+| ; then starting from the rela- 
tion r’(0) =x/r=cos @ he develops a method for computing 
the real parts of the roots. In case F has no roots of equal 
moduli with exception of the conjugate ones this involves 
the calculation of a series of coefficients similar to those in 
the transformed equations. To the reviewer this method 
seems to be more complicated than that of Graffe, though 
in principle it is the same. In the introduction the author 
gives an account of the various modifications of Griffe’s 
method. The reviewer cannot agree with all his statements. 
For example, the method of displacing F(x+a) =0 is suffi- 





cient to compute the arguments if a is chosen as above and 
does not need to be followed by a second displacement 
F(x—a)=0. However, even for an arbitrary a Ostrowski 
[Acta Math. 72, 157—257 (1940), in particular, pp. 241- 
242; these Rev. 2, 342] has shown how to compute the 
arguments easily. Also, Carvallo’s device does not steadily 
diminish the exactness of the roots. E. Bodewig. 


Sebastifo e Silva, José. Complementi al metodo di Griffe 
per la risoluzione delle equazioni algebriche. II. Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 
548-552 (1946). 

[Cf. the preceding review. ] After some remarks on the 
accuracy of the roots found by Graffe’s method the author 
suggests a rational approximation to the roots of an equation 
F(z) =0 having no multiple roots, by using the following the- 
orem. Let gm, »(z) be the mth remainder of z? and F(z) in the 
Euclidean algorithm, so that gm, 9(2)+-2°%m, p(z) =h(z) - F(z). 
Then for p= © the roots of gn,, will converge to the n—m 
roots of F(z) with the least moduli, and the roots of Jn, , to 
the m—1 roots of F(z) with the largest moduli, if these are 
larger than the remaining moduli. E. Bodewig. 


Goldstine, H. H., and Goldstine, Adele. The electronic 
numerical integrator and computer (ENIAC). Math. 
Tables and Other Aids to Computation 2, 97-110 (1 plate) 
(1946). [MF 16990] 

This is the first technical description of the first electronic 
calculator. The machine was developed at the Moore School 
of Electrical Engineering at Philadelphia for the Ballistic 
Research Laboratory of the Army Ordnance Department at 
Aberdeen, Maryland, where it is now located. The discard- 
ing of moving parts and the use of electronic circuits has, 
almost overnight as it were, speeded up certain calculations 
by a factor that handsomely exceeds 1000. More than 60 
feet of panels, together with some 18,000 vacuum tubes and 
1500 relays have been assembled into this machine. Except 
for the entry of data and recording of results, which are done 
largely by IBM equipment, the entire work is done by 
electrical impulses, sent at the rate of 100,000 a second. 
Twenty of these, taking one fifth of a millisecond, are re- 
quired for an addition or subtraction. Counting ‘is done by 
decade ring counters consisting of so-called flip-flop tubes. 
An entering impulse deadens the active tube in the ring and 
causes the next one to become live. For this reason subtrac- 
tion is accomplished by adding complements. 

Several of the 30 units of the machine are devoted to 
multiplication, in which a feature of the IBM multiplying 
punch is used. Each multiplication of the multiplicand by 
a single digit of the multiplier causes the tens of the partial 
products to be stored in one counter and the units in 
another. The amalgamated contents of these two counters 
constitute the product. Other units are devoted to division 
and the extraction of square roots, but, like those of the 
multiplier, may also be used, if otherwise free, as adding, 
storage or memory units. Multiplication of two 10-figure 
numbers takes about three milliseconds. 

The machine has 20 10-digit accumulators, sufficient for 
the ballistic work for which it was designed, but far too few 
for a general-purpose machine. The various units are inter- 
connected by plugging to and from communication channels 
that run throughout the length of the machine. In order to 
convey instructions to the machine and to establish se- 
quences of operation, programme switches, transceiver 
programme controls and a master programmer are provided. 
Impulses given out at the end of one operation initiate the 
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next step of the sequence. The interconnections and setting 
of switches are done by hand and may take several hours 
when a new problem is being presented. 

The importance of this pioneer effort cannot be over- 
estimated. It has ushered in a new era in calculations with 
discrete numbers and has not only swept away the bottle- 
neck of many existing and known forms of computation, 
but has also opened up new vistas of numerical thought by 
providing the means of doing what has never yet been 
attempted because of prohibitive time and cost. 

L. J. Comrie (London). 


Hartree, D. R. The ENIAC, an electronic computing 
machine. Nature 158, 500-506 (1946). 
Cf. the preceding review. 


Vietoris, L. Uber einen mit Hilfe seines Schattens gelenk- 
ten Integraphen. Z. Angew. Math. Mech. 24, 43-44 
(1944). [MF 15849] 

The author describes a new integraph. The carriage of 
an integrator wheel moving on a horizontal plane (x, y) 
carries two rods (or tight strings), one of which (Z) is verti- 
cal and the other (G) is inclined by 45° to x;. Their points 
of intersection with x, are unity apart and lie on their 
common perpendicular which in turn is in a plane perpen- 
dicular to the axis of the wheel. The integrand curve z=2(x) 
is drawn on a vertical plane x2(z, x) onto which the shadows 
(G” and Z”) of G and Z are projected by “exactly parallel” 
horizontal light rays perpendicular to m2. If the operator 
moves the carriage so that the intersection of G” and Z” is 
kept on the 2(x) contour the pencil of the carriage will draw 
the graph of y=f*2(x)dx on ;. The practical difficulties of 
obtaining exactly parallel rays are said to be so great that 
the construction is of low accuracy. Various modifications 
and amplifications are discussed. H. O. Hartley. 


Schulz, Werner. Uber das Meissnersche Integrations- 
verfahren fiir Differentialgleichungen erster Ordnung. 
Deutsche Math. 6, 271-276 (1941). 

Let C be an integral curve of a differential equation 
dy/dx = F(x, y). Let PQ be the tangent to C at P; let OQ 
be normal to PQ through the origin O; let Z XOQ=u. The 
distance O@=(u) is considered ‘as a function of u and 
PQ=p’'(u). The original differential equation gives an equa- 
tion p’(u)=f(u, p(u)) for the determination of p(u). If 
the initial value of u is mu, a simple construction leads to 
an approximate value of p(u+e). In this way a sequence 
of angles u and corresponding p(u) may be constructed. 
The corresponding points P on the curve C are thus located. 

W. E. Milne (Corvallis, Ore.). 


Weber, C. Uber geniherte Lisungen von Differential- 
gleichungen mit Hilfe von Minimalansatzen. Z. Angew. 
Math. Mech. 21, 310-311 (1941). [MF 15859] 

The author considers the equation (i) d*y/dx‘—gq(x) =0 
yielding the displacement function y(x) of a loaded beam. 
This can be obtained by one of the two variational minima, 
viz. 


(ii) f { (d*y/dx*)? — 2yq}dx = minimum, 
(iii) f (d*y/dx*—q)*dx = minimum. 
For a step function g(x) for which the exact solution of (i) 


is easily computed the author compares the merits of (ii) 
and (iii) in obtaining approximate solutions. He substitutes 





the same approximation y(x;a@) in both (ii) and (iii) and 
determines the optimum value of the parameter a by mini- 
mising the integrals. While in the case of (ii) this process 
leads to an improved approximation the result from (iii) is 
useless. Some general [unwarranted ] conclusions are drawn 
from this numerical experiment. H. O. Hartley. 


Eyres, N. R., Hartree, D. R., Ingham, J., Jackson, R., 
Sarjant, R. J., and Wagstaff, J. B. The calculation of 
variable heat flow in solids. Philos. Trans. Roy. Soc. 
London. Ser. A. 240, 1-57 (1946). 

The titles of the four principal parts of this paper are 
“The reduction of the partial differential equation of heat 
conduction to a set of ordinary differential equations,” 
“Thermal properties independent of the temperature,” 
“Thermal properties varying with temperature” and “‘Cool- 
ing of a cast ingot.” The equation of conduction for heat 
flow parallel to the x-axis is replaced by an approximating 
difference-differential equation by substituting difference 
ratios for the derivative with respect to x. Boundary con- 
ditions which involve gradients are also replaced by differ- 
ence conditions. Problems of determining temperatures in 
slabs are thus represented by systems of ordinary differential 
equations, boundary and initial conditions in the functions 
6,¢) representing the temperatures over the sections x =x;, 
j=1, 2, ---+,m, of the slab. The corresponding replacements 
of space derivatives by differences are described for other 
types of flow including flows in cylinders. Arrangements are 
introduced to allow for a variation of the thermal diffusivity 
with temperature, in which case the equation of conduction 
is nonlinear. 

The modifications of the problems are set up so that they 
can be solved by using an ordinary differential analyzer. 
Surface temperatures may be given graphically. The authors 
used a wide variety of methods for estimating the reliability 
of their results. They found that differences as large as half 
the radius often could be used with satisfactory accuracy 
in determining axial temperatures of steel cylinders. The 
differential analyzer was used to compute temperatures in 
large and small masses of steel during heating and cooling. 
The results were compared with experimental measure- 
ments. The paper also contributes some information on the 
determination of temperatures in steel which is heated 
through a transformation temperature. R. V. Churchill. 


*Southwell, R. V. Relaxation Methods in Theoretical 
Physics. Oxford, at the Clarendon Press, 1946. vii+ 
248 pp. (14 plates). $7.00. 

The term “relaxation methods”’ in the title is a carryover — 
from the author's treatise ‘Relaxation Methods in Engi- 
neering Science” [Oxford, 1940; these Rev. 3, 152]. For the 
sake of pure mathematicians it may be explained that the 
volume under review deals with numerical processes for 
solving boundary-value problems associated with linear 
partial differential equations of second order in two vari- 
ables. More specifically the book treats a wide variety of 
practical problems involving plane potential, conformal 
transformations, quasi-plane potential problems and prob- 
lems with undetermined boundaries. All these, when formu- 
lated mathematically, reduce to the determination of a 
function y of two variables x and y satisfying one of the 
three equations Peet+Vy =0, Vez t+¥yt+Z=9, or 


te] 0 
(*) = x) +2(x2) +Z=0, 
Ox\ ax dy\ dy 
in which Z and X are given functions of x and y. 
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The general idea underlying the method of solution is to 
lay a lattice over the region R of the (x, y)-plane for which 
the solution is desired and to determine by successive 
approximations the values of the desired function y at the 
nodal points of the lattice. Three types of lattices prove to 
be suitable for this purpose, namely lattices whose meshes 
are equilateral triangles, squares or regular hexagons. The 
case of the hexagons is not much used. In order to apply 
the method of approximations for any given lattice the 
Laplacian differential expression V*y is replaced by a suit- 
able linear combination of nodal values of ¥. For example, 
in the case of a square mesh of side h a typical expression is 


PVY =Y(x+h, y) +¥(x—h, y) +(x, y+h) 
+¥(x, y—h) —4y)(x, y+E 


in which the error E is of fourth degree in h. In effect, then, 
the partial differential equation is replaced by a finite set of 
linear algebraic equations, one equation for each node of the 
lattice in R, the unknowns being the nodal values of y. 
These equations are solved approximately by the process of 
successive substitutions. The case where the boundary 
curves cut the sides of the mesh instead of passing through 
the nodal points requires additional investigation and appro- 
priate interpolation. Also it is usually expedient to start 
with a coarse mesh and subsequently to refine the solution 
by use of finer meshes. 

The first chapter develops the general principles of the 
method. These are then applied in the next two chapters to 
a variety of problems in plane potential showing the pro- 
cedure for various types of boundaries arising in practice. 
The fourth chapter is devoted to conformal representation 
and the fifth to problems leading to differential equations 
of type (*). The sixth chapter deals with cases where differ- 
ent differential equations apply over different parts of the 





region or where some part of the boundary is not initially 
known, as in the case of the free surface of a moving fluid. 
A set of tables and formulas for numerical integration and 
differentiation, together with a bibliography, conclude the 
text. 

While the general idea of solving differential equations in 
this manner has long been known, the author has brought 
the practical applications of this idea to a high degree of 
perfection and has produced a text of exceptional utility. 

W. E. Milne (Corvallis, Ore.). 


Tenot, A. La détermination des coefficients des harmo- 
niques d’un phénoméne vibratoire; le nouvel analyseur 
harmonique Harvey-Amsler. Génie Civil 123, 229-232 
(1946). 

About half of this article is a description of the mechani- 
cal-analogue harmonic analyzer named in the title. The 
other half is devoted to a discussion of the theory of har- 
monic analysis and to a list of sample applications. 

H. B. Curry (State College, Pa.). 


Kazinsky, V. A. On the estimation of the accuracy of the 
variometric method of measuring the deflections of plumb 
lines in the gravitation field of the earth. C.R.(Doklady) 
Acad. Sci. URSS (N.S.) 54, 131-134 (1946). 

The system of equations (2=k=n) 
be =Aekegathititcr, m=Oe' mega tde’m tc’ 

set forth by the author for the computation of two compo- 

nents (£, 7) of the deflection of a plumb line is studied from 

the point of view of the errors in (é,7) resulting from 
given mean square errors of the geodetic measurements 

(day, 5b,, 5a,’ , 5b,”) and variometric measurements (4c,, 5c,’). 

E. Kogbetliantz (New York, N. Y.). 


MECHANICS 


Elasticity, Plasticity 


*Sommerfeld, Arnold. Mechanik der deformierbaren 
Medien. (Vorlesungen iiber theoretische Physik, Band 
II.) Akademische Verlagsgesellschaft Becker & Erler, 
Leipzig, 1945. xii+346 pp. 

This second volume of a comprehensive treatise on 
theoretical physics constitutes an excellent introduction to 
the mechanics of continua, presenting not only the basic 
physical and mathematical concepts, but a surprising 
amount of detail. Chapter I contains a review of vector and 
tensor analysis, chapters II and III the basic relations of 
statics and dynamics of continua (incompressible and com- 
pressible, inviscid and viscous fluids, elastic solids). Chap- 
ters IV and V are concerned with vortex motions and waves 
and chapter VI with discontinuous fluid motions. Chapters 
VII and VIII treat certain special topics (slow motion of a 
viscous fluid, lubrication theory, shock waves, turbulence; 
limits of elastic behavior, elasticity of crystals, torsion and 
bending of helical springs, surface waves of an elastic half- 
space). W. Prager (Providence, R. I.). 


Tonolo, Angelo. Teoria tensoriale delle deformazioni finite 
dei corpi solidi. Rend. Sem. Mat. Univ. Padova 14, 43- 
117 (1943). 

It appears to have been the intention of Ricci to write a 
book on the theory of elasticity. This was not accomplished, 





but Ricci’s lecture notes have been available, limited, how- 
ever, to the case of infinitesimal deformations. Part I of the 
present paper extends the methods of Ricci to cover the 
kinematics of finite deformations. As the author states (and 
he gives many references), there is nothing essentially new 
in the results obtained here. Using the undisturbed (La- 
grangian) coordinates as basic, he develops the deformation 
tensor for general curvilinear coordinates from the invariant 
expressing the change in the scalar product of two elements 
of the body. Cubical dilatation and the principal invariants 
of deformation are discussed; also equations of compati- 
bility and areal deformation. The results are translated into 
terms of final (Eulerian) coordinates. Part II deals with the 
statics of finite deformations. The equations of equilibrium 
are obtained from the principle of virtual work in terms of 
a symmetric stress tensor in Eulerian coordinates. This 
stress tensor is translated back to Lagrangian coordinates 
and the equations of equilibrium are exhibited in various 
forms. A thermodynamic potential is introduced to connect 
stress and strain, and the equations of equilibrium yield 
three partial differential equations of the second order for 
the three components of displacement. The paper ends with 
a discussion of isotropic media. [Although the author refers 
to F. D. Murnaghan, Amer. J. Math. 59, 235-260 (1937), 
he does not make explicit use of Murnaghan’s general 
methods. } J. L. Synge (Pittsburgh, Pa.). 
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Sobrero, Luigi. Sopra due fondamentali teoremi della 
teoria dell’elasticita. Univ. Roma e Ist. Naz. Alta Mat. 
Rend. Mat. e Appl. (5) 4, 74-87 (1943). 

The first of the two theorems discussed is called by the 
author “‘teorema dei lavori virtuali’’; it is essentially the 
same as the minimum principle for displacements or the 
principle of minimum potential energy, the potential energy 
being defined as follows: given an elastic solid, with pre- 
scribed body forces, prescribed displacement on part (Z,) 
of the surface, and prescribed stress on the rest of the 
surface, the potential energy of any configuration S” satis- 
fying the conditions on =, is the strain energy of S’ less the 
work done by the prescribed body and surface forces calcu- 
lated for displacements which take the solid from the 
undeformed configuration to S’. As an alternative to exist- 
ing analytic proofs the author offers a simple proof which 
may be stated as follows. Passage from the equilibrium 
configuration S to any configuration S’ satisfying the con- 
ditions on 2, can be carried out through a sequence of 
equilibrium configurations, each satisfying the conditions 
on 2,, provided that suitable supplementary body forces 
and surface stresses are supplied. In this passage, the in- 
crease in potential energy is equal to the work done by these 
supplementary body and surface forces. But this work 
equals the strain energy of a configuration which is the 
difference between the configurations S and 5S’ ; since strain 
energy is positive definite, the principle is established. The 
second theorem discussed is called by the author ‘“‘teorema 
di Menabrea’”’; it is also known as the minimum principle 
for stresses or the principle of minimum complementary 
energy. Here again the author offers an intuitive proof, but 
in this case the proof appears to the reviewer considerably 
longer and more difficult to follow than an analytic proof. 

J. L. Synge (Pittsburgh, Pa.). 


Cisotti, U. Elementi di media nella meccanica dei sistemi 
continui. Rend. Sem. Mat. Fis. Milano 14, 128-138 
(1940). 

A number of general theorems concerning the statics and 
dynamics of continua are given and their implications for 
elastostatics are discussed. Among other things the author 
introduces the concept of a symmetric tensor of surface 
displacement wa = wei =}(sam+syn,) (s;, 5, Cartesian coor- 
dinates of the displacement at a point of a surface o; m;, m 
the direction cosines of the normal at the same points). The 
author shows that the ratio f,wdo/fy4d V is an elastic con- 
stant of the solid’s material; the numerator is the surface 
integral of the trace of the surface displacement tensor, 
while the denominator is the volume integral of the trace of 
the stress tensor. P. Neményi (Washington, D. C.). 


Krylov, V. V. Plane problem of the theory of elasticity for 
finite displacements. Appl. Math. Mech. [Akad. Nauk 
SSSR. Prikl. Mat. Mech. ] 10, 647-656 (1946). (Russian. 
English summary) 

The author attempts to formulate the fundamental equa- 
tions of generalized. plane stress theory of elasticity for finite 
deformations. Classical stress-strain relations are used. The 
paper contains no references to related work of other authors. 

I. S. Sokolnikoff (Los Angeles, Calif.). 


Cisotti, Umberto. Deformazioni finite isotrope. Ist. Lom- 
bardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 8(77), 73-79 
(1944). 





Cisotti, Umberto. Influenza delle rotazioni finite nelle 
deformazioni infinitesime di un solido elastico. Ist. 
Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 8(77), 
249-252 (1944). 


Finzi, Bruno. Principio variazionale nella meccanica dei 
continui. Atti Accad. Italia. Rend. Cl. Sci. Fis. Mat. 
Nat. (7) 1, 412-417 (1940). 


Gilberti, Anna Maria. Su di una relazione fondamentale 
dell’elastica piana. Ist. Lombardo Sci. Lett. Cl. Sci. 
Mat. Nat. Rend. (3) 7(76), 281-285 (1943). , 


Signorini, Antonio. Sulle proprieta di media comuni a tutti 
i sistemi continui. Atti Accad. Italia. Rend. Cl. Sci. Fis. 
Mat. Nat. (7) 2, 728-734 (1941). 


Signorini, A. Estensione della nozione di ellisse centrale 
d’inerzia ai fini della dinamica dei solidi. Atti Accad. 
Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 137-142 
(1946). 


Locatelli, Piero. Energie potenziali termodinamiche nell’ 
equilibrio di continui quasielastici. Atti Accad. Italia. 
Rend. Cl. Sci. Fis. Mat. Nat. (7) 1, 507-513 (1940). 


Locatelli, Piero. Estensione del teorema di Castigliano. 
Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 
4(73), 19-32 (1940). 


Locatelli, Piero. Nuove espressioni variazionali nella dina- 
mica elastica. Ist. Lombardo Sci. Lett. Cl. Sci. Mat. 
Nat. Rend. (3) 9(78), 247-257 (1945). 


Locatelli, Piero. Sull’interpretazione di principi variazionali 
dinamici nella statica elastica. Ist. Lombardo Sci. Lett. 
Cl. Sci. Mat. Nat. Rend. (3) 9(78), 301-306 (1945). 


Locatelli, Piero. Estensione, flessione, torsione di corpi 
elastoplastici. Ist. Lombardo Sci. Lett. Cl. Sci. Mat. 
Nat. Rend. (3) 4(73), 581-598 (1940). 

The paper is concerned with simple tension, flexure and 
torsion of prismatic or cylindrical bars made of a material 
which obeys a nonlinear stress-strain law. The particular 
stress-strain relation adopted by the author complicates the 
mathematical work, however; Nadai’s well-known stress- 
strain relation [“‘Plasticity,”, McGraw-Hill, New York, 
1931, p. 75] describes the same type of mechanical behavior 
and leads to a greatly simplified mathematical formulation 
of the problem. W. Prager (Providence, R. I.). 


. Pastori, Maria. Le distorsioni nei mezzi elasto-plastici 
di Colonnetti. Ist. Lombardo Sci. Lett. Cl. Sci. Mat. 
Nat. Rend. (3) 5(74), 41-56 (1941). 

Pastori, Maria. Sull’equilibrio dei corpi elasto-plastici. 
Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 

| 6(75), 179-191 (1942). 

For the use of “elasto-plastic” in this connection cf. the 
preceding review. 





Pastori, Maria. Il problema delle distorsioni nei corpi im- 
perfettamente elastici. Ist. Lombardo Sci. Lett. Cl. Sci. 
Mat. Nat. Rend. (3) 5(74), 3-12 (1941). 
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Udeschini, Paolo. Deformazioni elastiche di corpi elasto- 
plastici. Casi di Clebsch. Ist. Lombardo Sci. Lett. Cl. 
Sci. Mat. Nat. Rend. (3) 5(74), 373-388 (1941). 

Cf. the preceding reviews. 


Udeschini, Paolo. Deformazione omografica elastica. Ist. 
Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 5(74), 
469-483 (1941). 


Udeschini, Paolo. Sull’energia di deformazione. Ist. 
Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 7(76), 
25-34 (1943). 


Frola, Eugenio. Su alcune questioni di elasticita non 
lineare. Atti Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. 
77, 258-262 (1942). [MF 16252] 

The author replies to criticisms of his work made by 

Cicala [same Atti 76, 94-104 (1941); these Rev. 3, 28]. 


Galin, L. A. A contact problem with axial symmetry in 
the theory of elasticity. C. R. (Doklady) Acad. Sci. 
URSS (N.S.) 53, 781-784 (1946). 


Niskanen, E. On the deformation of the earth’s crust 
under the weight of a glacial ice-load and related phe- 
nomena. Ann. Acad. Sci. Fennicae. Ser. A. III. Geolog.- 
Geograph. no. 7, 59 pp. (1943). 


Finzi-Contini, Bruno. Sulle autotensioni termiche nei 
prismi eterogenei a fibre isotrope isoterme. Ist. Lom- 
bardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 4(73), 599- 
622 (1940). 


Hill, R., Lee, E. H., and Tupper,S. J. The theory of wedge 
indentation of ductile materials. Proc. Roy. Soc. Lon- 
don. Ser. A. 188, 273-289 (1 plate) (1947). 

The authors investigate the indentation of a perfectly 
plastic half-space by a lubricated wedge. To a certain ex- 
tent, the treatment follows that of Hencky [Z. Angew. 
Math. Mech. 3, 241—251 (1923) ] and Prandtl [ibid., 401- 
406 |. Whereas these earlier attempts neglected the fact that 
material is squeezed out towards the surface, which there- 
fore cannot remain plane, the present treatment takes full 
account of the formation of the lip. Contrary to what might 
be expected, the mathematical work is actually simplified 
by this more realistic approach. W. Prager. 


Symonds, P. S. Concentrated-force problems in plane 
strain, plane stress, and transverse bending of plates. 
J. Appl. Mech. 13, A-183—A-197 (1946). 

This paper deals with problems of transverse bending of 
thin plates acted upon by concentrated normal forces, and 
with problems of plane stress or strain in which concentrated 
forces are applied to the boundaries. The solution is taken 
in two parts: (a) the special functions which give the stresses 
and deflections in the neighborhood of the singular points; 
(b) a complementary function which is a regular solution 
of the biharmonic equation such that the complete solution 
satisfies the boundary conditions of the problem. The follow- 
ing specific problems are solved. (1) An infinite plate fixed 
at an inner circular boundary and loaded by a transverse 
force at any point. (2) A circular-ring plate with fixed inner 
edge and free outer edge with the force applied at any 
point between the inner and outer edge, including the case 
of the load applied at the outer edge. It is stated that the 
latter case was previously solved by H. Reissner without 





explicit use of the singular part of the solution [Ing. Arch. 
1, 72-83 (1930) ]. (3) Finally, a solution is given of the 
problem of plane stress in an infinite plate containing an 
elliptical hole, which is loaded by concentrated forces at the 
ends of the minor axes of the ellipse. For all three problems 
the results are illustrated numerically by means of graphs 
of physically significant quantities. E. Reissner. 


Kovalenko, A. D. Solution of the homogeneous problem 
in terms of algebraic functions in tension or bending of 

a thin disc of variable rigidity. Rep. [Dopovidi] Acad. 

Sci. Ukrainian SSR no. 3-4, 85-92 (1946). (Ukrainian. 

Russian and English summaries) 

The author considers several algebraic solutions of the 
problem of pure bending and stretching of thin circular 
disks whose moduli of rigidity vary in a special way. The 
treatment is elementary. Some solutions correspond to disk 
profiles that may prove of practical interest. 

I. S. Sokolnikoff (Los Angeles, Calif.). 


Stein, Manuel, and Neff, John. Buckling stresses of 
simply supported rectangular flat plates in shear. Tech. 
Notes Nat. Adv. Comm. Aeronaut. no. 1222, 10 pp. 
(3 plates) (1947). 


Wegner, Udo. Ein neues Verfahren zur Berechnung der 
Spannungen in Scheiben. Forschung Gebiete Ingenieur- 
wesens. Ausg. B. 13, 144-149 (1942). 

The following minimum principle is proved for the prob- 
lem of the transversely bent plate with built-in edges. 
Among all deflection functions w satisfying the differential 
equation V?V*w= p/D the solution of the problem which also 


satisfies the boundary conditions #=dw/dn=0 is deter- 
mined by the variational equation 6f {(V*w)*dxdy=0. Asa 
first application the author obtains quite simply very good 
approximations for the bending moments and reactions 
along the edges of a rectangular plate acted upon by a 
uniformly distributed load. 

For further applications the author shows the significance 
of the theorem for the problem of plane stress, where it 
facilitates the calculation of the stress sum ¢,+¢,. Thus the 
theorem is of considerable advantage, compared with the 
customary way Castigliano’s theorem is used for approxi- 
mate solutions, when the boundary values of ¢, are pre- 
scribed and the interest centers in the boundary values of o:. 
As specific application the author considers the problem of 
the half plane under uniform tension, with the edge of the 
half plane having a semi-circular notch. E. Reissner. 





Savin, G. The generalized problem of Kirsch. Rep. 
[Dopovidi] Acad. Sci. Ukrainian SSR no. 3-4, 75-84 
(1946). (Ukrainian. Russian and English summaries) 
A large isotropic elastic plate contains a circular hole into 

which an isotropic elastic ring of different material is inserted 
or soldered. The plate is stretched in one direction by uni- 
form forces applied at some distance from the hole. The 
author uses the form of solution given by Muschelishvili to 
obtain the distribution of stresses in the ring. It is found 
that, when the ring is not soldered into the hole, the stress 
concentration on the boundary is not reduced. On the basis 
of some numerical calculations recommendations are made 
for achieving a uniform distribution of stress on the bound- 
ary of the hole. I. S. Sokolnikoff (Los Angeles, Calif.). 
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Federhofer, Karl. Zur Knickung der Kreisringplatte ver- 
anderlicher Dicke und Berichtigung zu der Abhandlung 
“Berechnung der kleinsten Knicklast einer schwach ver- 
jiingten oder verdickten Kreisringplatte.” Akad. Wiss. 
Wien, S.-B. Ila. 149, 393-398 (1940). 

The author generalizes the differential equation for axi- 
symmetrical buckling of circular plates of variable thickness 
so as to include the effect of body forces Y(r). He then shows 
how Y must vary in order that in a plate of given variation 
of thickness there exists a uniform radial stress resultant 7}. 
It is stated that the necessary consideration of Y(r) is 
omitted by R. Gran Olsson in an earlier paper on the subject 
[Ing. Arch. 9, 205-215 (1938) ]. In the “Berichtigung” the 
author states that an earlier criticism [same S.-B. Ila. 149, 
59-75 (1940); these Rev. 3, 31] was based on a misinter- 
pretation of the introduction to Gran Olsson’s paper. 

E. Reissner (Cambridge, Mass.). 


Ilyushin, A. A. Elastico-plastic stability of plates. Appl. 
Math. Mech. [Akad. Nauk SSSR. Prikl. Mat. Mech. ] 10, 
623-638 (1946). (Russian. English summary) 

The paper is concerned with the deflections and additional 
stresses which occur during the buckling of an elastic-plastic 
plate. Simplifying and extending his earlier results [same 
journal 8, 337-360 (1944); these Rev. 7, 43], the author 
shows that the problem leads to two simultaneous nonlinear 
partial differential equations of the fourth order for the 
deflection and the stress function. By a process of lineariza- 
tion these can be reduced to a single linear equation which 
has the general form of Bryan’s well-known equilibrium 
condition for a buckling elastic plate. Buckling of plates 
under uniform compression and cylindrical buckling of plates 
are discussed as examples. W. Prager. 


Kuntze, I. P. Stability of plates of compressible materials 
beyond the limit of elasticity. Appl. Math. Mech. [Akad. 
Nauk SSSR. Prikl. Mat. Mech.] 10, 671-672 (1946). 
(Russian. English summary) 

The paper is concerned with the buckling of a rectangular 
plate which .is under uniform compression parallel to one of 
its edges. The perfectly plastic material of the plate is sup- 
posed to follow the yield condition of von Mises and the 
initial stress is assumed to equal the yield stress in com- 
pression. The stress-strain relations used in the analysis of 
this problem are patterned on those used by A. A. Ilyushin 
[same journal 8, 337—360 (1944) ; these Rev. 7, 43], but the 
compressibility of the material is taken into account. The 
analysis is open to the same objections as that of Ilyushin. 

W. Prager (Providence, R. I.). 


Tolotti, C. Proprieta di media dello stress nelle lastre 
curve comunque spesse in equilibrio. Atti Accad. Naz. 
Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 187-192 
(1946). 


‘ Tolotti, C. Sulla statica delle lastre elastiche sottili 
soggette a deformazioni pseudofinite. I. Atti Accad. 
Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 369- 
374 (1946). 

Tolotti, C. Sulla statica delle lastre elastiche sottili 
soggette a deformazioni pseudofinite. II. Atti Accad. 
Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 605- 

L609 (1946). 








Ghizzetti, A. Sul problema dell’equilibrio di una piastra 
indefinita a forma di striscia, incastrata lungo i due lati. 
Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 
1, 214-218 (1946). 


Kudriavtzev, N.V. Fiexure of a round plate with an eccen- 
tric hole by a concentrated load. C.R.(Doklady) Acad. 
Sci. URSS (N.S.) 53, 103-106 (1946). 


Ghosh, S. On generalized plane stress in an aeolotropic 
plate. Bull. Calcutta Math. Soc. 38, 61-66 (1946). 


Sen, Bibhutibhusan. Note on the stresses in a semi- 
infinite plate produced by a rigid punch on the straight 
boundary. Bull. Calcutta Math. Soc. 38, 117—120 (1946). 


Reissner, Eric. Stresses and small displacements of shal- 
low spherical shells. Il. J. Math. Phys. Mass. Inst. 
Tech. 25, 279-300 (1947). 

Using the general results of a previous paper [same J. 25, 
80-85 (1946); these Rev. 7, 502], the author solves the 
following problems explicitly with results of deflections, 
bending moments and stresses given in numerous graphs 
and tables: (1) a shell with no edge restraint carrying a 
point load at the apex; (2) a shell with no edge restraint 
carrying a load uniformly distributed over a small circular 
area with center at the apex; (3) a shell with complete edge 
restraint in rotation but supported elastically otherwise by 
a ring. The mathematical procedure consists of separating 
the linear fourth order equation into two second order 
equations and solving these equations with the aid of ber, 
bei, ker and kei functions. H. S. Tsien. 


Novozhilov, V. V. A generalization of the method of com- 
plex displacements to the non-homogeneous problem of 
the theory of shells. C. R. (Doklady) Acad. Sci. URSS 
(N.S.) 53, 503-506 (1946). 

In an earlier paper [Bull. Acad. Sci. URSS. Cl. Sci. Tech. 
[Izvestia Akad. Nauk SSSR] 1946, 35-48 (1946); these 
Rev. 8, 18], the author introduced three auxiliary functions, 
called complex stresses, in terms of which the system of 
equations of thin shell theory reduced to a system of three 
equations of the fourth order. In this paper he obtains the 
corresponding result for equations in displacements, by 
introducing three functions called “‘complex displacements.” 
[See also Bull. Acad. Sci. URSS. Cl. Sci. Tech. [Izvestia 
Akad. Nauk SSSR] 1946, 803-816, 949-962 (1946) ; these 
Rev. 8, 118.] I. S. Sokolnikoff (Los Angeles, Calif.). 


Rabotnov, J. N. Solutions of the momentless theory of 
shells. Appl. Math. Mech. [Akad. Nauk SSSR. Prikl. 
Mat. Mech.] 10, 639-646 (1946). (Russian. English 
summary) 

The author writes the equilibrium equations of moment- 
less shell theory by using asymptotic coordinate nets. The 
development is based on an analogy between the moment- 
less shell theory and the infinitesimal theory of deformation 
of surfaces noted by Lecornu. Several known solutions for 
quadric surfaces are deduced by this method. [See the same 
journal 7, 57-64 (1943) ; these Rev. 5, 139.] 

I. S. Sokolnikoff (Los Angeles, Calif.). 


Locatelli, Piero. Sulla statica delle membrane sottili. Ist. 
Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 6(75), 
553-562 (1942). 
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Cicala, P. Le tensioni caratteristiche per il guscio cilin- 
drico. Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. 
Nat. (8) 1, 735-739 (1946). 


Duberg, John E., and Kempner, Joseph. Stress analysis 
by recurrence formula of reinforced circular cylinders 
under lateral loads. Tech. Notes Nat. Adv. Comm. 
Aeronaut. no. 1219, 38 pp. (6 plates) (1947). 


Biezeno, C. B., and Koch, J. J. The generalized buckling 
problem of the circular ring. Nederl. Akad. Wetensch., 
Proc. 48, 447-468 (1945). [MF 15916] 

Biezeno, C. B., and Koch, J. J. The circular ring under 
the combined action of compressive and bending 
loads. Nederl. Akad. Wetensch., Proc. 49, 3-8 (1946). 

_ [MF 15920] 

The authors first show that an arbitrary load distribu- 
tion on a circular ring can be resolved into two systems, one 
of which (the “compressive” system) is chosen in such a 
way that the resultant bending moment and shearing force 
are zero at every cross section of the ring, and the second 
of which (the “bending” system) corresponds to complete 
absence of resultant axial force in the ring. In investigating 
stability, only the compressive system need be considered. 

The first paper deals with the buckling of a ring subjected 
to an arbitrary compressive system of this type. If u denotes 
the radial displacement and ¢ the circumferential angle, and 
if the axial force resultant at a section is expressed in the 
form ANo(¢), where Ny is prescribed and X is a constant 
amplification factor, then with the notation U=d*u/d¢*+4u, 
the values of \ which correspond to possible nonextensional 
buckling modes of a ring of radius r are shown to be the 
characteristic numbers of the problem consisting of the 
equation 


(*) #U/d?+U=Xr ED{ NU-(x) [” nevao} 


A. 





and the condition of periodicity. In the special case 
of a uniform compressive radial loading of intensity 
q= —XN>/r, the characteristic values of g are well known, 
Qn = Elr~*(n?—1), n=1, 2, ---, each characteristic buckling 
load g, corresponding to two independent (but physically 
equivalent) buckling modes sin n@ and cos n¢. 

In the general case, when No(g) is expressed as a Fourier 
series in cos j@, sin j¢, it is shown that, if p is the greatest 
common factor of the set of integral values assumed by j in 
the summation, then the possible characteristic functions of 
(*) are expressible in the form 


U(¢)= L {ax cos (/-+kp)o+d, sin (1+kp)o}, 
k=m—w 


where / may assume the values 2, 3, ---, [4] and p. (Here 
[4p ] denotes the integral part of 4p.) That is, the integer p 
corresponds to [4] values of J, for each of which charac- 
teristic functions of the specified form exist. For each such 
value of 1, there exists an infinite set of characteristic values 
of \ with corresponding characteristic functions. 

The application of the conventional iterative method is 
outlined, in the general case, for the determination of the 
smallest characteristic values and corresponding buckling 
modes, in each of the [4] infinite sets. The procedure is 
illustrated in detail for certain force distributions of the 
form No=—(1+ 6, cos m@) and the smallest characteristic 
values so obtained are tabulated in the case «,=2, for 
2S(/, m)S12. Known modified procedures for determining 
higher modes are also illustrated. 
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The second paper indicates the usefulness of the familiar 
properties of such characteristic functions in analyzing cir- 
cular rings subjected to combined compressive and bending 
loads. The relevant methods are illustrated by a determina- 
tion of the effect of the variation of axial force on the 
deformation of a ring compréssed by two diametrically 
opposed concentrated forces. F. B. Hildebrand. 


Biezeno, C. B., and Koch, J. J. On the non-linear de- 
flection of a semi-circular ring, clamped at both ends. 
Nederl. Akad. Wetensch., Proc. 49, 139-145 (1946). 
[MF 16567 ] 

Employing methods previously developed [cf. the pre- 
ceding review | the authors obtain a solution of the problem 
mentioned in the title. Instead of the semi-circular ring 
clamped at both ends they consider a complete ring loaded 
by two pairs of diametral forces P and Q placed at right 
angles and calculate for a number of values of the ratio 
P/Q the radial deflections u at the load points. From each 
of these results they deduce the value of P for which the 
value of u at the point of application of Q becomes zero. 
The final result is a spring-characteristic curve giving the 
values of Pr*/EIup as a function of up/r in the range 
(—.20, .16). E. Reissner (Cambridge, Mass.). 


Handelman, G. H. Buckling under locally hydrostatic 
pressure. J. Appl. Mech. 13, A-198-A-200 (1946). 
Among the various types of loading of a simple beam 

which might produce buckling the case of loading by locally 
hydrostatic pressure does not appear to have been discussed 
previously. A special case of this, the author’s problem arises 
when a prismatic bar is placed vertically in a heavy liquid. 
Restricting attention to simply supported beams the author 
shows that for a load distribution p(x) = p»{1—(x/1)™} the 
differential equation for the moment M is of the form 
M" + po(kRA/EI)(x/1)"M=0, with the end conditions 
M(G)= M()) =0. It is shown that for this equation to be 
valid and for buckling to occur it is necessary that the 
high-pressure end of the beam is axially movable. If the 
high-pressure end is axially fixed and the low pressure end 
movable the differential equation is modified and buckling 
does not occur. E. Reissner (Cambridge, Mass.). 


Mikheladze, S. An approximate method for the integra- 
tion of the differential equation for the bending of a 
beam. Bull. Acad. Sci. Georgian SSR [SoobStenia Akad. 
Nauk Gruzinskoi SSR] 6, 97-104 (1945). (Georgian. 
Russian summary) 

The method of finite differences is used to integrate 
numerically the differential equation for the deflection of a 
beam with variable modulus of rigidity. 

I. S. Sokolnikoff (Los Angeles, Calif.). 


Panov, D. J. Application of the R. Becker theory of elastic 
after effect to the investigation of hystereses in oscilla- 
tions. Appl. Math. Mech. [Akad. Nauk SSSR. Prikl. 
Mat. Mech.] 10, 581-596 (1946). (Russian. English 
summary) 

The author extends Becker’s theory of the elastic after- 
effect [Z. Physik 33, 185-213 (1925) ] to the case of periodic 
stresses. For simplicity, the stress intensity is supposed to 
remain constant, the sign of the stress changing every half 
period. The problem is reduced to three simultaneous linear 
difference equations from the solutions of which the log- 
arithmic decrement can be computed as function of the 
amplitude. W. Prager (Providence, R. I.). 





























Sneddon, Ian N. Note on a boundary value problem of 
Reissner and Sagoci. J. Appl. Phys. 18, 130-132 (1947). 
The problem investigated by E. Reissner and H. F. Sagoci 

[same J. 15, 652-654 (1944) ; these Rev. 6, 84] is that of the 

torsional oscillations produced in a semi-infinite homo- 

geneous isotropic solid by a periodic shear applied over a 

small circular area by means of a rigid disk. They began 

by considering the corresponding static problem and were 
led to a problem in integral equations whose solution can 
be reduced to the solution of an infinite number of linear 
equations in an infinite number of unknowns. In this note, 
it is recalled that the problem can be reduced to the solution 
of a pair of dual integral equations [E. Reissner, Ing.-Arch. 

8, 229-245 (1937) ]. In the statit case these equations reduce 

to a type whose solution is known. In the present note, 

these equations are derived by the use of the Hankel trans- 
form theorem and the solution for the static case is derived. 

A possible approach to the solution of the dynamic problem 

is outlined. H. W. March (Madison, Wis.). 


*Schermann, D.I. Oscillation du demi-espace élastique 
aux déplacements ou aux forces extérieures données a 
la frontiére. Acad. Sci. URSS. Publ. [Trudy] Inst. 
Séismolog. no. 118, 47 pp. (1946). (Russian) 

This paper contains a new method of solution of the 
three-dimensional problem of propagation of vibrations in 
an elastic half-space when either the displacements or exter- 
nal forces are specified on the boundary. For simplicity, 
initial displacements and velocities are assumed to vanish. 
The method of solution is based on a direct application of 
Fourier integrals. After a sequence of transformations on 
scalar and vector potentials both boundary value problems 
are reduced to a consideration of certain quadruple integrals, 
which yield a qualitative analysis of the phenomenon of wave 
propagation. I. S. Sokolnikoff (Los Angeles, Calif.). 


Sherman, D. I. Steady elastic oscillations in the case of 
given displacements on the boundary of the medium. 
Appl. Math. Mech. [Akad. Nauk SSSR. Prikl. Mat. 
Mech. ] 10, 617-622 (1946). (Russian. English sum- 
mary) 

The elastic medium fills a finite multiply-connected do- 
main S in the complex plane bounded by nonintersecting 
and nonosculating closed curves. Consideration of the oscil- 
lations arising from given displacements on the boundary 
gives rise to a pair of second order partial differential equa- 
tions in the longitudinal and transverse potentials subject 
to prescribed boundary conditions involving first partial 
derivatives of the potentials. Potentials of a form leading 
to the solution of a system of Fredholm integral equations 
with kernels containing the frequency A of oscillations as a 
parameter are sought. The existence of solutions for \=0 
is established, and hence, by a theorem of Tamarkin [Ann. 
of Math. (2) 28, 127-152 (1927) ], solutions for almost all 
exist. T. C. Doyle (Hanover, N. H.). 


Reissner, Eric. On vibrations of shallow spherical shells. 
J. Appl. Phys. 17, 1038-1042 (1946). 
Rotationally symmetric vibrations are considered. The 


‘basic equations of the author's earlier paper [J. Math. 


Phys. Mass. Inst. Tech. 25, 80—85 (1946); these Rev. 7, 
502] on the statics of shallow spherical shells are reduced 
to two simultaneous differential equations for the normal 
and tangential components of the displacement. These 
equations can be solved in terms of Bessel functions. The 
determination of the frequencies of a shell segment with 
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one boundary requires the solution of a third order deter- 
minantal equation, the determinant having as its elements 
products of Bessel functions and rational functions. A corre- 
sponding sixth order determinant is needed to determine 
the frequencies of a shell segment having two boundaries. 
The numerical solution of the determinantal equations does 
not appear to be easy. Accordingly, the lowest frequency 
for a shell with a clamped edge is determined approximately 
by a Rayleigh-Ritz procedure. The author refers to an earlier 
paper [K. Federhofer, Akad. Wiss. Wien, S.-B. Ila. 146, 
57—69 (1937) ] in which a different method was used, but 
which was not known to him until the work of the present 
paper was completed. H. W. March (Madison, Wis.). 


Federhofer, Karl, und Egger, Hans. Schwingzahlberech- 
nung des Zweigelenkbogens mit exponentiell verinder- 
lichem Tragheitsmoment. Akad. Wiss. Wien, S.-B. Ila. 
151, 89-109 (1942). 


Bennon, S. Natural modes of vibration of simple frames. 

J. Franklin Inst. 243, 13-39 (1947). 

The natural modes of oscillation of plane frameworks of 
elastic beams with uniform cross-section are investigated. 
The appropriate boundary conditions at the junctions lead 
to the transcendental frequency equation for the symmetric 
and asymmetric modes. The conventional graphical solu- 
tion is suggested. The results are discussed at length for 
triangular and rectangular frameworks. G. F. Carrier. 


Mandel, J. Application des équations intégrales a l’étude 
des vibrations et du flambage des corps minces élastiques. 
Ann. Univ. Lyon. Sect. A. (3) 6, 46-73 (1943). 


[ Grioli, G. Vibrazioni e pressioni critiche delle piastre 

anulari soggette a pressione radiale. Atti Accad. Naz. 

Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 599-605 

4 (1946). 

Grioli, Giuseppe. Vibrazioni e pressioni critiche delle 
piastre anulari soggette a pressione radiale. Comment. 

| Math. Helv. 19, 240-262 (1947). 


Barducci, I. Effetto di una cavita chiusa sulle autofre- 
quenze di una piastra incastrata. Atti Accad. Naz. 
Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 206-213 (1946). 





Caloi, P. Onde di Rayleigh in un mezzo elastico, firmo- 
viscoso, stratificato. Atti Accad. Naz. Lincei. Rend. Cl. 
Sci. Fis. Mat. Nat. (8) 1, 745-753 (1946). 


Dedd, Modesto. Irriducibilita dell’equazione relativa alle 
tre velocita di avanzamento delle onde in un generico 
continuo anisotropo. Ist. Lombardo Sci. Lett. Cl. Sci. 
Mat. Nat. Rend. (3) 6(75), 690-694 (1942). 


Finzi, Bruno. Propagazione ondosa nei continui aniso- 
tropi. Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. 
(3) 6(75), 630-640 (1942). 


Pastori, Maria. Superficie d’onda epicentrale nei mezzi 
elastici anisotropi. Ist. Lombardo Sci. Lett. Cl. Sci. Mat. 
Nat. Rend. (3) 7(76), 9-18 (1943). 


Fu, C. Y. Studies on seismic waves. III. Propagation of 
elastic waves in the neighborhood of a free boundary. 
Geophysics 12, 57-71 (1947). 

For parts I and II see Geophysics 11, 1-9, 10-23 (1946) ; 
these Rev. 7, 504. ’ 
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Optics, Electromagnetic Theory 


Livens, G. H. Note on magnetic energy. Physical Rev. 

(2) 71, 58-63 (1947). 

In the present note the author seeks to clarify a few points 
of his earlier paper [Philos. Mag. (7) 36, 1-20 (1945) ; these 
Rev. 6, 283] in response to the criticisms raised recently by 
Guggenheim [Physical Rev. (2) 68, 273-276 (1945); these 
Rev. 7, 270]. It is pointed out that the author takes the 
Lagrangian 6L,, = >_ Ndi, + f ( FéI,)dv as being fundamental, 
whereas Guggenheim starts with the Hamiltonian 


Ns 
H.=> f idN, 
0 


which involves the assumption of ‘‘zero states’’ of the mag- 
netic field. A discussion of this assumption is given. It is 
furthermore pointed out that the magnetic field vector H 
is used in different senses in the two papers; the author 
states that this accounts for the difference in the results. 
C. Kikuchi (East Lansing, Mich.). 


Goldoni, Gino. Teoremi di unicité per le equazioni di 
Hertz. Rend. Sem. Mat. Univ. Padova 11, 97-107 
(1940). 


The author starts from the well-known equations of Hertz 
for electrodynamic_fields in moving bodies. The discussion 
is limited to isotropic media and excludes ferromagnetics 
with a permeability depending on the field strength. The 
field is supposed to be continuous together with its first 
derivatives in the entire space. Hereby abrupt variations 
of the specific characteristics of the media under considera- 
tion are excluded. 

The author proves that the fundamental differential equa- 
tions admit of a unique solution only if the field strength 
approaches zero to an order greater than 3/2 at points 
approaching infinity. The proof is carried out by application 
of Green’s integral theorem using upper bounds for the 
values of the integrals. In the second part of his paper the 
author removes the restriction to fields invariable in time, 
which was used in the first part. The uniqueness of the 
solutions is proved for variable fields also. Finally some 
remarks are made about the continuity of the field strengths 
at the separation between different media. 

M. J. O. Strutt (Eindhoven). 


Kneissler-Maixdorf, L. Uber die Maxwellsche Theorie 
fiir dielektrische und magnetische Medien. Arch. Elek- 
trotechnik 34, 713-726 (1940). 

It is suggested that Maxwell’s equations may be written 
in the somewhat unusual form (Lorentz units are used 
throughout) : 

v+i+D=c curl B, —B=c curl D, 

where v is the density of the current elements, i the conduc- 

tion current density, B= _M+H the magnetic flux density 

(M is the magnetic field associated with v), and D the elec- 

tric displacement, which is assumed to be divisible into a 

rotational component D, and a curl free component V¢. 

Starting from these equations formulas for the various ener- 

gies and forces in the electromagnetic field are obtained 

which do not involve either the dielectric constant ¢ or the 
magnetic permeability uz explicitly. As long as ¢ and y are 
constant there is no essential difference between the author’s 
theory and Maxwell’s but in the former these constants are 
secondary, and the author suggests that any material 





medium should be interpreted as a set of sources and sinks 
for the electromagnetic energy. M. C. Gray. 


Kneissler-Maixdorf, L. Dielektrische und magnetische 
Medien im elektromagnetischen Feld. Arch. Electro- 
technik 35, 307-316 (1941). 

The author discusses the application of the viewpoint of 
the paper reviewed above to specific examples, namely, a 
charged metallic body embedded in an infinite dielectric and 
a horseshoe magnet with a connecting yoke. In each case 
the theory is somewhat modified, though to the reviewer 
the differences between the author’s formulas and the usual 
ones are mainly terminological. The general theory of matter 
in motion, as applicable to electron theory, is also discussed. 

M. C. Gray (New York, N. Y.). 


Metzler, Ernst. Das zonal belastete Rotationsellipsoid im 
fremden Strahlungsfeld. Elektr. Nachr. Techn. 21, 68- 
75 (1944). 

A prolate spheroid in a plane electromagnetic field har- 
monic in time and with the E-vector parallel to the long 
axis is treated by classical methods. It is assumed that the 
small axis is negligible compared with the wave length and 
that the surface is perfectly conducting except for a circular 
“load zone’’ obtained by intersection with an orthogonal 
hyperboloid, where it is split. This represents a well-known 
antenna model, with the opposite contours of the split rep- 
resenting the terminals, no internal electrostatic capacity 
across the load zone being considered. The resulting field 
consists, in addition to the exciting field, of a diffraction 
and radiation component. The former is obtained as expan- 
sion in terms of the eigenfunctions of the perfectly conduct- 
ing spheroid (no load zone) along the lines of the classical 
treatment by M. Abraham. 

The radiation field is obtained in terms of the Green’s 
function of the corresponding transmitter problem implying 
an impressed zonal dipole source line ; this has been derived 
in a monograph [“‘Erzwungene elektrische Schwingungen an 
rotationssymmetrischen Leitern bei zonaler Anregung,” 
Leeman, Ziirich, 1943] by the author, from which copious 
quotations are made. The Green’s function appears in terms 
of the damped eigenvibrations of the zonally excited spheroid 
as a partial fraction expansion with the associated complex 
eigenvalues as poles and the characteristic field distribution 
products as residues. Connection between the two field com- 
ponents is established by the (lumped) zonal load condition. 
In particular, short-circuit current and open-circuit voltage 
per unit external field are computed in terms of the zonal 
coordinate. The receiving impedance thus obtained is dis- 
cussed with a view to matching by choice of the load zone; 
its equality with the associated transmitting impedance 
forms the point of departure for some reciprocity con- 
siderations. H. G. Baerwald (Cleveland, Ohio). 


Rosovsky, M. I. On the integro-differential equation for 
the propagation of electromagnetic waves in a medium 
with dielectric and magnetic viscosity. C.R. (Doklady) 
Acad. Sci. URSS (N.S.) 53, 601-604 (1946). 

The geometric region is an infinite slab of finite breadth 
and the initial state of polarization is considered. The inte- 
gral part of the equation is of the familiar Faltung type in 
one of the variables, while the derivatives appear in both 
variables. The solution is supplied by assuming the spatial 
variation and then solving the resulting ordinary integro- 
differential equation. A. E. Heins (Pittsburgh, Pa.). 
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Rozovsky, M. I. Propagation of the electromagnetic field 
in dielectrics with a dielectric afteraction and in con- 
ductors with a magnetic afteraction. Akad. Nauk SSSR. 
Zhurnal Eksper. Teoret. Fiz. 16, 856-869 (1946). (Rus- 
sian. English summary) 


Fock, V. The field of a plane wave near the surface of a 
conducting body. Acad. Sci. USSR. J. Phys. 10, 399-409 
(1946). 

The author develops an approximate theory of the diffrac- 
tion of a plane wave on a convex body. He puts the field 
equal to zero well inside the geometrical shadow and uses 
Fresnel’s approximation in the illuminated part. Both these 
approximations cease to be valid near the boundary of the 
geometrical shadow (in the penumbra). For these regions he 
develops special approximations for points near the surface 
of the body and near the boundary of the geometrical 
shadow. 

If k is the wave number, M any component of the electro- 
magnetic field, and the x axis points in the direction of 
propagation of the plane wave, e~**M is constant for the 
incident wave. The author now assumes that for the reflected 
field e~“*M is a slowly varying function of the spatial 
coordinates and that the variation of this quantity in the 
direction of the normal to the surfaces takes place more 
rapidly than in directions parallel to the surface. ‘“The 
truth of these assumptions follows from the fact that the 
final solution (which is unique) actually satisfies them.” 
The influence of the material of the convex body on the 
field may be taken account of by means of suitable bound- 
ary conditions provided that the square of the depth of the 
skin-effect layer is small compared to the square of the 
wave-length in air and that this depth is also small in com- 
parison with the smaller principal radius of curvature of the 
surface. The ‘‘method of parabolic equation’’ invented by 
Leontovich and developed by Leontovich and Fock is used. 
The field components are expressed in terms of Airy inte- 
grals and functions derived from them. The same functions 
have already occurred in the author’s work on diffraction 
and on the propagation of electromagnetic waves around 
the earth. 

The approximation obtained effects a continuous transi- 
tion from the Fresnel approximation to the completely dark 
geometrical shadow, as long as the immediate neighbour- 
hood of the reflecting surface is considered. In particular, 
the combined approximations permit the calculation of the 
current distribution induced by the incident plane wave on 
the surface of the body. It is pointed out that the knowledge 
of the current distribution enables one to find the vector 
potential for the reflected field, which can thus be deter- 
mined in the whole space (outside the reflecting body). 

A. Erdélyi (Edinburgh). 


Pidduck, F.B. Theory of diffraction. Philos. Mag. (7) 37, 

280-287 (1946). 

The author provides the approximate solution for the 
diffraction of a plane wave by a small dielectric disk in the 
cases of large conductivity, absorption, etc. The effect of a 
plane wave on a dielectric slab is also studied. 

A. E. Heins (Pittsburgh, Pa.). 


Bouwkamp, C. J. A note on singularities occurring at sharp 
edges in electromagnetic diffraction theory. Physica 12, 
467-474 (1946). 

The author studies the types of singularities which are 
permissible in a wave function when a plane wave is incident 
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upon an edge of a semi-infinite plane or a circular hole in a 
plane. In both examples the plane is of “‘zero”’ thickness and 
perfect conductivity. The examples are drawn from acous- 
tics and electromagnetic theory. A. E. Heins. 


Recknagel, A. Theorie des elektrischen Elektronenmikro- 
skops fiir Selbststrahler. Z. Physik 117, 689-708 (1941). 
The qualities of the image in an electron microscope can 

be obtained approximately by assuming that the electron 

paths lie in the neighborhood of the axis and make small 
angles with it. This gives Gaussian optics as the first 
approximation and the third order aberrations as the next 
approximation. The assumption of small angles is, however, 
incorrect in the neighborhood of self-emitting objects, i.e. if 
the cathode itself is to be imaged. The potential increases 
rapidly, in the neighborhood of the cathode, from small to 
large values. This has the effect that also electrons with 
large initial angles are drawn into the electronic lens. The 
problem in this paper is to investigate the electron paths 
in the immediate neighborhood of the cathode z=0 without 
the assumption of small angles. The equations of motion 
thus are solved for small values of z and explicit formulae 
for the first and third order approximations are derived. 

On account of the different principle of approximation these 

formulae differ from the usual formulae though similar types 

of aberrations are obtained. R. K. Luneburg. 


Wallauschek, Richard. Elektronenoptische Fokussierung 
durch quasistatische Bahnen. Z. Physik 117, 565-574 
(1941). 

The symmetry properties of the electromagnetic fields 
used in most electron’ optical devices imply the existence of 
so-called quasistationary paths for electrons. If the field 
has axial symmetry, for example, then circles normal and 
concentric to the axis are such solutions. These paths can 
be found in any mechanical motion where the Lagrangian 
function L(q;, g;) does not depend on some of the coordi- 
nates g;. The author first derives in general the equations 
for these special solutions. The problem then is to investi- 
gate paths which lie in the immediate neighborhood of 
quasistationary paths. This is carried out by the usual per- 
turbation procedure. The result allows him to discuss the 
question of whether the bundles of neighboring paths around 
a quasistationary path show focussing effects. It is found 
that this is the case only if the second order differential 
equations for the neighboring rays represent a periodical 
oscillation, which leads to a mathematical condition to be 
satisfied by the electromagnetic field. The author applies 
his general analysis to a number of examples. For a homo- 
geneous purely magnetic field and for a cylindrical condenser 
it is found that only those rays are focussing which lie in 
the plane of the circular quasistationary paths. Other ex- 
amples treated are the field of a point charge and of electric 
and magnetic dipoles. In all these examples the angular 
distance of the focal points from the object point is deter- 
mined. R. K. Luneberg (New York, N. Y.). 


Kinzer, J. P., and Wilson, I. G. End plate and side wall 
currents in circular cylinder cavity resonator. Bell Sys- 
tem Tech. J. 26, 31-79 (1 plate) (1947). 

In the end-plates of a circular cylinder cavity reso- 
nator the radial and tangential components of the mag- 
netic field are proportional, respectively, to J;'(x) cos 1@ and 
—(l/x)Ji(x) sin 1@ for TE modes and to (//x)J(x) sin 1@ and 
J\'(x) cos 1@ for TM modes, where x is proportional to p, 
and o. 4 are polar coordinates. The authors give diagrams of 
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relative values of J;'(x) and (1/x)J:(x) for 16 different modes, 
and plates showing streamlines of the electric current and 
the distribution of the current for 21 modes. The equations 
of streamlines for TE modes are J;(x) cos /@=constant, 
and for TM modes {xJ;'(x)/G:(x)} sin /@=constant, where 
—log Gi(x) = F(x) = fo" | Ji(t)/Ji'(t)\ dt. The computation of 
F(x) is discussed in an appendix, and numerical tables 
given include tables for J;(x) for !=0(1)7, J1'(x) for /=1(1)6, 
and F,(x) and G,(x) for 1=1, 2, 3, all for x=0.0(0.1)9.9, to 
4 decimal places. 

The currents in the side-walls are characterised in terms 
of the “shape” and “mode” parameters S, M, and the 
variables Z (proportional to z) and ¢(=/6). For TM modes 
the currents are always longitudinal. For TE modes, the 
equation of the streamlines is cos Z(cos ¢)~*™”°=constant 
and that of the contours is S*M* cos? Z sin? ¢+sin? Z cos? 
=constant. Diagrams of these curves are shown for 15 
modes. A. Erdélyi (Edinburgh). 


Mayer, Ernest. Resonant frequencies of the nosed-in 

cavity. J. Appl. Phys. 17, 1046-1055 (1946). 

In this paper the resonant frequency of the nosed-in 
cavity is studied as a function of the cavity dimensions. 
The Maxwell equations together with the cavity boundary 
conditions are reduced to an integral equation for which the 
author obtains an approximate solution by means of the 
Ritz variational method. The size and shape of the cavity 
are fixed by the inner and outer radii r; and r2, the post 
length ¢' and the gap space e". For a fixed r;/rz the depend- 
ence of ke’ on ke!! (where & is the wave number 22/A) is 
computed over the useful range of the cavity. The method 
itself does not furnish the precision of the results. However, 
experimental checks indicate that an accuracy of the order 
of one or two percent was obtained. R. S. Phillips. 


Thermodynamics, Statistical Mechanics 


Mache, Heinrich. Zustandsgleichung und zweiter Haupt- 
satz. Akad. Wiss. Wien, S.-B. Ila. 151, 81-87 (1942). 
Suppose an equation of state is written in the form 

(1) p+f(o, T) =Tg(v, T). The author observes that (1) leads 

to the equations of Clausius when (2) fr=Tgr and f=u,, 

and that under these conditions dg/T is exact. If f and g 

in (1) do not satisfy (2), then the functions 6=f+y and 

TT=Tg+y¥y satisfy (2) when ~=T7*gr—Tfr. The author 

uses (2) to generalize the formulas of Kamerlingh Onnes. 

C. C. Torrance (Annapolis, Md.). 


Vonsovsky, S. Derivation of fundamental kinetic equa- 
tion in quantum mechanics. Acad. Sci. USSR. J. Phys. 
10, 367-376 (1946). 

The paper is an attempt to answer the question of when 
Boltzmann's kinetic equation (the quantum analogue of his 
integro-differential equation) can be derived from quantum- 
mechanical theory combined with reasoning in terms of 
Markov chains. The author indicates by computations based 
on the density matrix of Dirac and von Neumann and 
quantum perturbation theory that, in order that a quantum- 
mechanical ensemble may obey the kinetic equation, it is 
necessary that the following conditions be fulfilled. (1) ‘“The 
quantum transitions in the ensemble must be of such a 
nature that in carrying out a certain-averaging the non- 
diagonal matrix elements of the statistical operator of the 
given ensemble retain their zero value (or that at least they 
afford no contributions in computing the mean values of the 





observable quantities).”’ (2) “It is necessary to carry out 
an averaging, firstly, over the states close to resonance tran- 
sitions and secondly, over time £>h/AE=Ar (AE is the 
energy difference between any two states for which the 
quantum mechanical probability of transition is different 
from zero, Ar is the “duration of collision).” (3) “It is 
necessary to set forth the requirements similar to the prin- 
ciple of detail equilibrium (the classical Stosszahlansatz) 
which is reduced to the form U(gi) =a(q)8(s) for the statis- 
tical (density) operator U(gf) of two interacting systems 
(the g- and the ¢-system) for any initial moment of time, 
although this contradicts the quantum-mechanical equa- 
tions of motion.” 

The question of interpreting such requirements in terms 
of physical properties is explicitly deferred. 

B. O. Koopman (New York, N. Y.). 


Gentile, G., j. Osservazione sopra le statistiche inter- 
medie. Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. 
(3) 5(74), 133-137 (1941). 

The author develops an “intermediate statistics,” inter- 
mediate between those of Bose-Einstein and of Fermi-Dirac. 
In the proposed statistics a single quantum cell in phase 
space may be occupied by not more than d particles (d=1 
leads to the Fermi-Dirac case, d= © to the Bose-Einstein 
case). The distribution function obtained is of the form 
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1 d+1 
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here m, is the most probable number of particles in a cell of 
energy &; 8, a are the usual parameters. The function m, is 
always positive and has no singularity for Be,+a—0. At ab-' 
solute zero one obtains a zero-point energy (6n/xd)'h*/(8m). 
F. W. London (Durham, N. C.). 


Caldirola, Piero. Sulla distribuzione statistica di un gas 
quantistico di particelle ad autofunzioni simmetriche. 
Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 
8(77), 193-200 (1944). 

The “intermediate statistics” of G. Gentile [see the pre- 
ceding review ] cannot have any physical significance inas- 
much as the wave functions of quantum mechanics admit 
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